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NOTATION AND TERMINOLOGY

strict inequality

one which doesn’t include ‘equal to’
< and > are strict inequalities

weak inequality

one which includes ‘equal to’
< and > are weak inequalities

therefore

because, or since

eqn

equation

substitute into
E.g (1) — (2) means ‘substitute equation (1) into
equation (2)’.

tends to or approaches

implies

E.g. A = B means ‘statement A implies statement B’.

In other words, if statement A is true, statement B
must be true (but not necessarily the other way
around).

TBP to be proved (used at beginning of proof)

QED which was to be shown (used at end of proof)
(from Latin quod erat demonstrandum)

A change in

A The discriminant (= b? — 4ac) of a quadratic
expression in the form ax? + bx + c.
Note: the context will indicate which use of A is
applicable in any particular situation.

o a small change in

1 perpendicular to

= identical to

v for all

3 there exists

is implied by

E.g. A & B means ‘statement A is implied by
statement B’. In other words, if statement B is true,
statement A must be true (but not necessarily the
other way around).

implies and is implied by

E.g. A © B means ‘statement A implies and is
implied by statement B’. In other words, if statement
A is true, statement B must be true AND if statement
B is true, statement A must be true.
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CHAPTER 1

EXERCISE 1A

Question 1
b)

length = \/(xz —x1)%+ (2 —y1)?

= J(l —(=3))* +(-1-2)?
=42 32
=Vi6+9

V25
5

U1

d)

length = \/(xz —x1)*+ (v —y1)?
= (7= ) + (- -9)’

=% +6?

=VT6+36

=52

= VAX 13 = VAVT3 = 213

f)

length = \/(xz —x1)%+ (v, —y1)?
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= J((a ~1)—(a+ 1) +(Qa-1) - 2a+3))°

= (=2)2 + (—4)?
=V4+ 16 =20

h)

length = \/(xy — x1)% + (y5 — y1)?
=/ (3a —12a)? + (5b — 5b)?
= J(—9a)% + 02
= /81a?

=9a

length = \/(xz —x1)2+ (v, —y1)?

= J((p -3¢ —(p +4q))2 +(-@-9)>?

= ,/50qg?
= qV50
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Question 2 Now take DC, formed by (6,-1) and (9,3):

Plot the points on the co-ordinate plane: . Y2—N
gradient =

Xy —Xq
_3-(-D
~ 9-6

st v
j__
_I___

C (9,3) _
. 3

length = \/(xz —x1)2+ (v, —y1)?

j — — =\/(9—6)2+(3—(—1))2
T D =32+42=5

.(1r'2]

[
i ——
[F51

L ] =
[r=m

Therefore AB and DC are parallel and equal in length, so the four points
form a parallelogram.

.
=31

_l___

Now show that a pair of opposite sides is parallel and equal in length.

Take AB, formed by (1,-2) and (4,2):

gradient = Y2 "N
X2 = X1
_2—(=2)
- 4-1
"3

length = \/(xz —x1)%+ (2 —y1)?

= \/(4— 12+ (2 - (-2))*
=32+42 =5
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Question 3
_ length AC = |(—2—(=3))* + (5 - (-2))°
Plot the three points:
61 =12+ 72 =+/50
['2,5] = . . ..
€ T Therefore AB = AC, which means that triangle ABC is isosceles.
-I-__ .
Question 4
il Plot the points and the centre of the circle:
2__ F 9
T . A (7.12)
I e N 1+
So4003 2 4 1 2 3 4 3 ol
-14
. .':'3r'2:] a4 T
6__
A4 1
54 R
L L Dl(sz] L L L L L L L
61 4 2 2 4 6 8 10 12 14 16
=_| .Ezr'?] ol
. B 2
24 i
.(14,-5]
C
From the diagram it appears most likely that sides AC and AB will be T
equal. Therefore calculate their lengths: s34
2 2 10
length AB = \/(2 — (—3)) + (—7 — (—2))
B .(-3,-12)_12__
=4/52 + 5% =+/50
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To show that A, B & C lie on a circle with centre D, we must prove that
AD =BD = CD:

AD = /(7 —2)2 + (12 — 0)2

=/52 + 122 = 13

BD = J(z —(=3))" + (0 - (-12))°
=./52 +122 = 13

CD = /(14 — 2)2 + (=5 — 0)2
=122 +52 =13

Therefore AD = BD = CD, which means that A, B, C all lie on a circle
with centre D.

(Notice that, when calculating the length of a line segment, one can use
either point as the first one. Thus, in calculating CD above, D was used
as the first point and C as the second, giving (14 —2) and (=5—0)
rather than (2 — 14) and (0 — (—5)). The result is the same either way
because 122 = (—12)2))

Question 5

a)  Midpointis (x,y) = (; (1 + 30,2 O + yz)):

1
X=E(2+6):4

1
y=511+15)=13

Therefore the midpoint is (4,13).

© Imago Education (Pty) Ltd
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c)
= 1( 24+1) = !
x=3 -T2
1 9
==(-3+(=6))= —=
y=5(=3+(-6) >
. . . 1 9
Therefore midpoint is (_E' _E)'
e)
1 1
xzz(p+2+3p+4) =E(4p+6)=2p+3
1 1
y=§(3p—1+p—5)=§(4p—6)=2p—3
Midpoint is (2p + 3,2p — 3).
9)
1 1
x=2P+2q+5p—2q)=(6p)=3p
1 1
y=5(2p+13q+(=2p-79)) = 5(6q) = 3q
Midpoint is (3p, 39).
Question 6

The centre of the circle (let’s call it C) is at the midpoint of AB.

1

1
yc=§(1+5)=3
C=(23)

Website: imago-education.com

This sample may be freely distributed provided that the copyright notices are retained and it is not changed in any way.


https://imago-education.com/

Worked solutions to Pure Mathematics 1: Coursebook, by Neill, Quadling & Gilbey

Question 7

We use the midpoint formula to set up two equations, which we solve
for x5 and yg:

1 1
xMZE(xA+xB) J/M=§(J/A + ¥p)

1 1
5=§(3+xB) 7=§(4+J/B)
10:3+xB 14:4-|—yB
xB:7 yB:10

Therefore B = (7,10).

Question 10
a)
gradient = Y2~ N
X2 — X1
_12—8_4_
 5-3 2
c)
i t_—l—(—3)_2_1
gradient = (=D ~1 2
e)
radient=(_p_5)_(p_3)= —2p -2
g p+4)—-(@+3) p+l
_—2(p+1)
= —— =

© Imago Education (Pty) Ltd
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9)
gmdient:(q—p+3)—(q+p—3):—2p+6
pP-q+D—-(p+q-1) —2q+2
_2-3) _p-3
—2(q—1) q-1
Question 11
dient _Yp—ya 6-4 2 1
gradtentas = X, T 7-3 4 2
dient _Yc— VB _ 1_6__5_1
gradentse = T T3—7 " -10 2

The gradients of AB and BC are equal, which means that the lines AB
and BC are parallel. Since they have point B in common, A, B and C
must be on the same straight line (i.e. they are collinear).

Question 12
radient =yp—yA=y—O= Y
g AP Xp—X4 x—3 x-—3
. Ys—Yp _6-Y
dientpg = =
gradientpg ¥p—x, 5—x

Since A, P & B are all on the same straight line,
gradient,p = gradientpg. Therefore

y _6-vy
x—3 5-—x
yG—x)=(6-y)x-3)
5y —xy =6x—18 —xy + 3y
2y =6x—18
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y=3x-—9

Question 13

Draw the points:

T C *uy

3¢

(0,3)

*r11)

(Note: it looks like the points are almost on the same straight line, rather
than forming a triangle. Geometrically, this can be a little confusing, but
the algebraic calculations are exactly the same.)

The median AM will join A and M, with M being the midpoint of BC (since
BC is the side opposite to A). We must first find the coordinates of M
using the midpoint formula:

1 1
xM=E(xB+xC)=E(O+4)=2

© Imago Education (Pty) Ltd
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1 1
yM=§(yB+yc)=§(3+7)=5

~ M= (2,5)

Now we can find the length of AM using the distance formula:

lengthyy = \/(xM —x2)% + Yy — Ya)?

=J(2—<—1>)2+<5—1)2
=4/32442=1/9+16=5

Question 16
We first find the coordinates of P, Q, R & S using the midpoint formula:

1 1

1
yp=5(1+3) =2 yo=5(3+(7) = 2

~P=(42) ~Q=(8,-2)

1 1
xg==(9+(-3))=3 xs==(-3+1)=-1

2 2
1 1
yR=§(—7+(—3))= -5 ys=5(=3+1)= -1
~R=(3,-5) ~85=(-1,-1)

Now we calculate the gradients of the four sides using the gradient
formula with the coordinates of the points just calculated:

Website: imago-education.com
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. Yo—Yp —2—-2 —4 c)  We use the distance formula:
gradientpg = P R -1
Q —Xp -
OM=/(4—-0)2+(7—-0)2=+/42+72 =16+ 49 = V65
dient —-5-(-2) -3 3
gradientop = ————=—F=¢
3-8 > 5 LN=\/(6—(—2))2+(4—3)2:\/82+12:\/£
_ -1—-(-5) 4
gradientgs = 1-3 4 -1 d) OLMN is a quadrilateral with two opposite sides (ON and LM)
5 O 3 equal and parallel. This means that OLMN is a parallelogram. In
gradientgp = 4_—3 =z addition, the diagonals OM and LN are equal. Therefore OLMN is
arectangle.
Thus, the opposite sides PQ and RS are parallel, and the opposite sides _
QR and SP are parallel; therefore the quadrilateral PQRS is a Question 20
parallelogram. We start by plotting the points:
Question 18 7+ 677 v
a) We use the distance formula: o
ON = /(6 —0)2 + (4 — 0)2 = /62 + 42 =60 ) U
T (2,5)
LM=J(4—(—2))2+(7—3)2=\/62+42=\/6_0 4t
Thus ON = LM (ged). T
b)  We calculate gradients using the gradient formula: T 3,2) T
4—-0 2 1+ .+ W
gradientgy = c-0-3 (6,1)
e S B S T S
gradientLM = 4_—(_2) = g = § a4
Therefore ON is parallel to LM (since their gradients are equal).
© Imago Education (Pty) Ltd Website: imago-education.com
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We calculate the coordinates of M and N using the midpoint formula: ]
1 1 iy ' y (87)
M= (xy +xy) = 5 (2+8) = ai  (5,6)
1 1 U
ym=50u+tyw)=56+7)=6 .
2 2 S »
(2,5)
~ M =(56) A (7.4)
N
1 1
xN :E(XW+XV) :§(6+8) = 7
1 1
w=50wtw)=510+7) =4 al
B (3.2)
T
N = (7,4) il . W
(6,1)
To help visualize the points and the triangle TMN, it helps to add the
points M and N, and to draw in the triangle: _:1 { 1 J: i i t:,‘ t S: E:'
A+

From the diagram we can see that TM and TN are likely to be the equal
sides, therefore we calculate the lengths of these sides using the
distance formula:

T™ = /(5 -3)2 + (6 — 2)2 = /22 + 42 =20

TN = /(7 -3)2+ (4—2)2 = /42 + 22 =20

Therefore TM=TN and triangle TMN is isosceles.

© Imago Education (Pty) Ltd Website: imago-education.com
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Question 22

a)

b)

We start off using the midpoint formula:

1
xy =5(2+10)=6

1
yw=51+1)=1

“M=(61)

First, we use the distance formula:

BG =+/(6-6)2+(4—10)2=+36=6

GM =/(6-6)2+(1-4)2=+v9 =3

&~ BG = 2GM

To prove that BGM is a straight line, we notice that B, G & M all
have the same x-coordinate. Therefore they all lie on the line x =
6. Note that we cannot prove this using gradients because a
vertical line has an infinite gradient. (Try calculating the gradient
of BG, and you will see that you get a division-by-zero error.)

We use the midpoint formula:

1
xy =5(6+10) =8

—1(10+1)—11
)’N—Z =5

DN = 811
KX _(,2)

© Imago Education (Pty) Ltd
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d)
dient _4—1_3
gra lenAG—6_2—4
11
dient _7—4_3X1_3
gra LenGN—8_6—2 >=1

Therefore A, G, N are all on the same straight line.

Now we use the distance formula:

AG=/(6-2)2+(4-1)2=V16+9=5

11 2 / 9 25 5
GN:\/(8—6)2+<7—4> = 4+Z:\/;:§

Therefore AG = 2GN.
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EXERCISE 1B

Question 1

To check whether a point lies on a line, we must check whether the left
and right hand sides of the equation are equal when the x and y values
of the point are substituted into the equation of the line.

a) (1,2)ony=5x—3:
LHS =2
RHS =5(1)—3=2
Therefore the point (1,2) does lie on the line y = 5x — 3.
b) (3,-2)ony=3x-7:
LHS = -2
RHS=3(3)-7=9-7=2
Therefore the point (3, —2) does not lie on the line y = 3x — 7.
d) (2,2) on3x%+ y? = 40:
LHS =3(2)2+(2)2=3(4)+4 =16
RHS =40

Therefore the point (2,2) does not lie on the line 3x% + y? = 40.

5 5
f) (5p, 5) ony=-=

X
LHS =2 RHS == =1
p 5p p

Therefore the point (Sp, g) does not lie on the line y = 2

X

© Imago Education (Pty) Ltd
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h)  (t%2t) on y? = 4x:
LHS = (2t)? = 4t?
RHS = 4(t?) = 4t?
Therefore the point (t2,2t) does lie on the line y? = 4x.

Question 2

Page 10

Use either y = mx + ¢, where m is the gradient of the line and c is the y

intercept, or y —y; = m(x — x;). The second is usually easier.
b)
m= -3
y=-3x+c
y =y =mx —x)
y=(-2) = =3(x— 1)
y+2=-3x+3
y=-3x+1
Therefore the equationis y = —3x + 1.
d)

y—y =m(x —x;)

3
y—1= —g(x—(—Z))

1= 3 3
A )
8y—-8=-3x—-6

Website: imago-education.com
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f) If the gradient is zero (i.e. the line is horizontal), the equation of
the line has the form y = c. We can take the y-value of any point
on the line to get the value of c. Therefore the equation of the line

IS
y=8
h) Usey=mx+c:

y=5xtc

Then substitute (—3,0) into egn.

0:%(—3)+c
3
0=C—§
3
=3

Therefore the equation of the line is

_1 +3
Y=3*73

or
2y =x+3

)
y—y1=m(x—x)
1
y—4=-5(x=-3)

2y—8=—-x+3

© Imago Education (Pty) Ltd
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x+2y=11

y=(=5)=3(x-(-2)
y+5=3x+6
y=3x+1

Equation is:

y=-x+2
p)
0= 3 3
y=0=-z(x-3)

5y =-3x+9
3x+5y=9

y=mx-+c
4=m(0)+c
c=4

Equation is:

y=mx+4

Website: imago-education.com
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Y
y=mx+b

(Use b instead of ¢ here to avoid confusion with the value of x,
which is given as c.)

0=mc+b
b=-mc
Equation is:
y = mx —mc
Question 3
b)
. Yo=Y _ —7-5_~12
= = = = 2
gradient 5, %, —2-4 =6
Therefore the equation of the line is y—y; =m(x —xq).
Substitute the x and y values of one of the points into this eqn.:
y—5=2(x—-4)
y=2x—3
f)
" t_zo—(—1)_ 21
gradient = —4-3 7

Equation of line: y —y; = m(x — xq). At (3,-1):
y+1=-3(x-3)

~y=-3x+38

© Imago Education (Pty) Ltd
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)
i t_—3—(—1)_—2_
gradient = 5-(— 7
Equation of lineis y = —éx +c. At (—=2,-1):
1= 2( 2) +
= 7 C
—-7=4+7c
1
‘=77
2 11
y=TgxT
7y = =2x—11
2x+7y+11=0
n)
dient — -1-4 -5
gradient = 25 3
Equation of lineis y = —gx +c.

At (=5, 4):

Website: imago-education.com
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= 3 c

12 =25+ 3¢

3c =-—13
13

c=-3
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5 13
y=73*773
3y =—-5x—-13

5x+3y+13=0

p)

dient = 1°% _
gradien =0

T IR

Equation of line is y = %x + c. At (0,0):

or py = qx
or gx —py =20

a)
—1—¢q 1

gradient = Z_I_T_p = —§

Equation of lineis y = —%x +c. At (p,q):

1
q=—§p+c
3q =—p+3c
3c=3q+p

_3q+p
€T3

© Imago Education (Pty) Ltd
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1 3g+p

y=—§x+ 3

3y=—x+3q+p

x+3y—p—3qg=0

r Notice that both points have the same x-coordinate, p. This means
that both points lie on the vertical line, x = p. So, the equation of
the line joining these points is x = p. This question cannot be
answered in the same way as above, since the gradient of a
vertical line is infinite.

s)
. (q+2)—q
gradient = ————
P+2)-p
=1
Using (p,q):
y—q=x-—p
~y=x+q—p

or x—y+q—-p=0

t)

. q
dient = ——
gradien 0=p

_4
p
Equation of line is y = —%x +c. At (0,q):

Website: imago-education.com
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q=- % 0) +c )
y=3(x+4)
c=q
y=3x+12
Yy = —gx +
Y= p a Gradient is 3.
or qx+py—pq=0 K)
y=m(x—d)
Question 4 y = mx —md
In each case write the given equation in the form y = mx + ¢ and then
read off the gradient (it is the coefficient of x). Gradient is m.
a) 1)
2x+y =7 px +qy =pq
y=-—2x+7 qy = —px +pq
_ P
From the form of the equation it is now easy to see that the y= _§x+p
gradient is -2.
Gradient is —Z.
C) a
5x +2y =-3 Question 5
2y = —5x—3 Since the line must be parallel to the line y = %x — 3, the gradient is %
y = _Ex _§ So the equation of the line is y = %x + ¢, and we find the value of ¢ by
2 2 substituting for x and y at the given point (—2,1):
So, the gradient is -2 1
2 1= E (—2) +c
f) The line 5x = 7 is a vertical line at x = % so the gradient is infinite c=1+41
or undefined. 9

© Imago Education (Pty) Ltd Website: imago-education.com
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So the equation of the lineis y = %x + 2.

Question 6
First, we find the gradient. The line is parallel to y + 2x = 7, which can
be written as y = —2x + 7. So the gradient is —2.The equation of the line
iSy =—2x+c. At (4,-3):
-3=-2@)+c
c=-3+8
=5

The equation of the line is y = —2x + 5.

Question 7

Here the gradient is the same as for the line joining the points (3,—1)
and (=5,2):

. 2-(-1
gradlent = (_5)—_3
3
]

The equation of the line is y = —Zx +c. At (1,2):

3

2= _§(1) +c
3
c=2 +§
19
8
The equation of the lineis y = —%x +§.

© Imago Education (Pty) Ltd
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Question 8

Here the gradient is the same as for the line joining the points (—3,2)
and (2,-3):

2—-(-3)

(-3)-2

=-1

gradient =

The equation of the line is y = —x + c. At (3,9):

9=-13)+c¢
c=9+3=12

The equation of the lineis y = —x + 12.

Question 9

A line parallel to the x-axis is a horizontal line with a gradient of zero.
Thus, the equation of the line that passes through (1,7) and is parallel
to the x-axisisy = 7.

Question 10

Since the line must be parallel to y = mx + ¢, the gradient of the line is
m. The equation of the line is y = mx + b (using b to avoid confusion).
At (d,0):

O=md+b
b =—-—md

The equation of the line is y = mx — md.
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Question 11

The point of intersection of two lines is the point (x, y) that satisfies both
equations.

b)  The simplest approach here is to equate the right hand sides of
each equation and solve for x:

3x+1=4x-1

x =2
Now substitute this value of x into either of the given equations:
y=32)+1
y=7

Check this answer by substituting these values for x and y back
into the second equation (the one that was not used to solve for y)
and check that both sides are equal:

RHS=4(12)-1=7
LHS =7
~ LHS = RHS
So the point of intersection is (2,7).
d) Use the same approach as above.
3x+8=-2x—-7
5x =-15
x=-3
Substitute for x in the first equation:

y=3(-3)+8

© Imago Education (Pty) Ltd
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y=-1
Check:
RHS = -2(-3)-7=-1
LHS = -1
~ LHS = RHS
So the point of intersection is (=3, —1).

Here it is simpler to multiply the first equation by 5 and the second
equation by —2 and then to add the equations to eliminate x:

10x + 35y = 235
—10x — 8y = —100
Adding these equations and solving for y:
27y = 135
y=5

Substituting for y in the first equation and solving for x:

2x +7(5) =47
2x =12
xX=6

Check by substituting these values for x and y into the second
equation:

LHS = 5(6) + 4(5) = 30 + 20 = 50 = RHS

So the point of intersection is (6,5).
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9)

h)

Multiply the first equation by —3 and add the two equations to
eliminate x:

—6x —9y = —21 D
6x +9y =11 (2)
(1) +(2):
0=-10

This is obviously not true. These equations cannot be solved
simultaneously, so we conclude that these two lines do not
intersect. This can be understood geometrically by writing the
equations in the form y = mx + c:

2 7
y=—§x+§
2 11
y="3**yg

These lines have the same gradient so they are parallel lines and
never intersect. (The y-intercepts are different so they are not
collinear. In the case of collinear lines, there are infinitely many
points which will simultaneously satisfy both the equations.)

Solve the first equation for y:
y=-3x+5

Then substitute this expression for y into the second equation and
solve for x:

x+3(—3x+5)=-1
x—9x+15=-1

© Imago Education (Pty) Ltd
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Then solve for y by substituting this value of x into the first
expression for y:

y=-32)+5

y=-1

Check by substituting these values for x and y into the second
equation:

LHS =2+ 3(—1) =—-1=RHS
The lines intersect at (2, —1).

The first equation is already written as an expression for y, so we
just substitute this expression into the second equation:
4x —2(2x+3)=—6
4x —4x —6=—6
—6=-6
This is always true. Since the x’s cancel out in the second line, any
value of x will simultaneously satisfy these equations. Thus, any

value of y will also simultaneously satisfy both these equations.
There are thus infinitely many solutions.

This can be seen geometrically as well. Rewriting the equations in
the form y = mx + c gives:

y=2x+3
y=2x+3
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)

K)

So the given equations actually represent the same line.

The second equation here is already written as an expression for
Yy, SO wWe just substitute that expression into the first equation:

ax + bQ2ax) =c

(a+2ab)x =c
o
x_a+2ab

To find y we substitute this expression back into the second
equation:

y=2a(a+2ab)
2ac
y=a+2ab
2c
Y=1+2b

To check we substitute these expressions for x and y into the first
equation:

c 2c
LHS:a(a+2ab)+b(1+2b)
ac + 2abc a+ 2ab

a+ 2ab =<a+2ab>c
=c =RHS

c 2ac
a+2ab’ a+2ab

The lines intersect at (

).
Add the two equations to eliminate x:

2y=c+d

© Imago Education (Pty) Ltd
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_c+d
Y=

Substitute this expression for y into the first equation:

c+d
> =mx+c
c+d
mx = > —-cC
c+d—2c
x= 2m
_d—c
T 2m

Check by substituting for x and y into the second equation:

RHS = —m <—C) +d
2m

_c—d 2d

2 7
c+d

= > = LHS

So the lines intersect at (%,%).

Substitute the expression for y from the second equation into the
first equation:

ax —bx =1
(a—b)x=1
1
x:a—b

Substitute this back into the second equation and to obtain y:
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Check, using the first equation:

LHS = ( ! )
- a a—>b

So the lines intersect at (ﬁ,a—ib).

b( 1 )—a_b—l—RHS
a—-b) a-b

Question 12

Since P (p. q) satisfies the equation y = mx + ¢, we have
qg=mp+c. (D

The point Q (r,s) is any other point on the line y = mx + ¢ so it also
satisfies the equation y = mx + ¢ and we can write

s=mr+c. (2)
Now the gradient of the line joining the points P and @ is given as usual
by:

dient = >4
gradient = — —

Substituting for g and s from eqgns (1) and (2) gives:

mr+c— (mp+c)

gradient = —
) mr —mp
gradient = ——
r—p
r —_—
gradient = —pm
r—p

gradient =m
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Thus, the gradient of the line segment joining the points P and Q is m.
(Since P and Q are arbitrary points on the line, this shows that if you
have an equation of a line in the form y = mx + ¢, then the coefficient of
x is the gradient of that line, a fact that we used in exercise 4.)

Question 13

Ifa = b = c =0, then any value of x and y will satisfy the equation ax +
by + ¢ = 0. This equation then represents the entire xy-plane rather
than a straight line.
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EXERCISE 1C 5y=3x-8
3 8
Question 1 Yy=tX73g

The gradient of a line that is perpendicular to a given line, is the negative

. . L 5 . .
of the reciprocal of the gradient of the given line. So the gradient of the perpendicular line is -3 Using (4,3):

4 5
o -3 y—3=—2G-4
6
d 3 3y —9 = —5x + 20
g m 5x + 3y = 29
hy -+ T : L 1
m h)  The gradient is -2 The equation of the line is y = —sx+tec. At
0 (03):
m
1 b- -b 1
I) —T:——C:C— 3:——(0)+C
E a a 2
c=3
Question 2
b)  The gradient of the given line is —%, so the gradient of the line is T Y=T5X +3
2. So the equation of the line is y = 2x + c. At (—3,1): or 2y +x=6
1=2(-3)+c¢ L L
c=7 )] The gradient is - The equation of the line is y = ——x+ d. At
(a, b):
Ly=2x+7 1
1 5 b = ——q + d
d) The line y = 25= > is a horizontal line. So, any vertical line is m
a
perpendicular to this line. So the equation of the line is x = 7. d=b+ m
f) Rewrite the given line in the form y = mx + c: d= mb + a
m
3x —5y =28
© Imago Education (Pty) Ltd Website: imago-education.com
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ax+by=c
by = —ax +c
a c

y=—Ex+E

So the gradient of the line is Z. The equation of the line is

y = Zx +d. At (—1,-2):

b
—2=—(-1
a( )+d

or bx—ay=2a—>

Question 3

The gradient of the line is —§. The equation of the line is
y = 3x +c. At (=2,5):

5= ! 2
= -3 +c

So the equation of the lineis y = —gx + 13—3
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To find the point of intersection we equate right hand sides of the
two equations:

3x+1=—1x+E
3 3
9x +3=—-x+13
10x =10
x=1

Using this, we can solve for y:
y=3(1)+1
y=4

So the two lines intersect at the point (1,4).

Question 4

Rewrite the given equation in the form y = mx + c:

2x — 3y =12
3y=2x—-12
2
y=§x—4 (D

So the gradient of the line will be —g. The equation is

y = —%x +c. At (1,1):

3
1:—5(1)+C

3 5
C=1+§=§
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_ 3.5
Y=mxTy

To find the point of intersection, substitute eqn (1) into eqgn (2):

2 3 5

§x—4=—§x+i

4x — 24 =—-9x + 15
13x =39
x=3

Substitute this result into egn (1) to solve for y:
—23)-4
Y=3
y=-2

So the lines intersect at (3, —2).

(2)

© Imago Education (Pty) Ltd
This sample may be freely distributed provided that the copyright notices are retained and it is not changed in any way.

Exercise 1C Page 22

Question 5
First plot the points of the triangle in a coordinate plane:

-~ y
EE S

A4(23)

ra
h

C(4-1)

'
[}
I

B (1,-7)

84

Now we are looking for the line that is perpendicular to the line segment
BC and passes through the point A (2,3). So the first step is to find the
gradient of the line segment BC:

1-CED_s_,

gradient of BC = i-1 "~ 3

So the gradient of the line we are looking for is —%. The equation of the

lineisy = —%x +c. At (2,3):
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So the equation of the altitude through the vertex A is

y:—%x+4.

Question 6

Plot the triangle:

Ty

P(2,5) Q(125)

[}
N

[}
e

|
[}
N

R (89' ?)

The line segment PQ is opposite to the vertex R. Since the line
segment PQ is a horizontal line, the altitude through R is a vertical
line passing through (8, —7). The equation of this line is x = 8.

The altitude through the vertex Q is perpendicular to the line
segment PR.
5-(=7) 12

gradient of PR = T8 ~e-

© Imago Education (Pty) Ltd
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So the gradient of the altitude through Q is % The equation of the

lineisy = %x +c. At Q (12,5):

1
c=-1
So the equation of the altitude through Q is y = %x - 1.
Find the point of intersection:
x=8 D

y=5x—-1 (2)
(1) — (2
1
y=5@)-1=3

So these two altitudes intersect at the point (8,3).

To show that the altitude through P also passes through the point
(8,3), we first find the equation of this altitude and then show that
the point (8,3) satisfies that equation.

5—(7) _

gradient of QR = -8 - 3

So the gradient of the altitude is —% and the equation of the line is

y=—3x+c At(25):

5= 1(2)+
= 3 c
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L2V
€=>T373

So the equation of the altitude through P is y = —x + =

Now we show that the point (8,3) satisfies this equation by finding
the value of y if we substitute x = 8 into the equation:

1 17
y=-3@ 7
_9_
Y—§—3

So the altitude through P also passes through (8,3).
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Question 1

In order to show that a triangle is right-angled, we have to show that two
of the line segments joining the vertices are perpendicular. First we plot
and label the vertices of the triangle:

oLy
L9

6_
4(25)

B (1,3

[}
I
T

4t

From the graph it looks most likely that the line segments AB and BC will
be perpendicular. To show this we calculate the gradients of each line
segment:

3-5 2

1-(-2) 3
dient of BC = _o.3
gradient of =T-1-1"3

gradient of AB =
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We see that the gradient of AB is the negative of the reciprocal of the
gradient of BC. So these two line segments are perpendicular.

Question 2
Find the point of intersection:

2x+y=3 (D
3x+5y—1=0 (2)
Rearrange eqn (1):
y=-2x+3 3)
(3) — (2):
3x +5(—2x+3)—1=0
3x —10x+15—-1=0
7x = 14
x =2 (4)
(4) — (3):
y=-2(2)+3
y=-1 (5)

So the lines intersect at (2, —1).

Question 3
a) To show that the angle ACB is a right angle, we have to show that
the line segments AC and CB are perpendicular:
dient of AC = ——>_—5
gradient of “0-CD

© Imago Education (Pty) Ltd

Miscellaneous exercise 1 Page 25
dient of CB = o — 1
gradient of =05~ "%

So the gradient of AC is the negative of the reciprocal of the
gradient of CB. So these line segments are perpendicular to each
other and it follows that the angle between them (angle ACB) is a
right angle.

b)  First we need to find the equation of the line that is parallel to AC
and passes through B. Since it is parallel to AC it has the same
gradient as AC which is 5 (from part (a)). So the equation of the
lineisy =5x+c. At B (5,7):

7=505)+c
c=7-25=-18
So the equation of the line is y = 5x — 18.
To find the point where this line crosses the x-axis, we set y to
zero and solve for x:
0=>5x—-18
5x =18
x =3.6
So this line crosses the x-axis at the point (3.6,0).
Question 4
a) The diagonals of a square have the same length and bisect each

other at 90°. So the diagonal BD is perpendicular to AC and passes
through the midpoint of AC.
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b)

1 1
midpoint of AC = <§ (7 + 1),5(2 + 4))

= (43)
dient AC_4—2_2_ 1
gradient of =17 T¢= "3

So the gradient of the diagonal BD is 3. The equation of the
diagonal is y = 3x + c. At (4,3):

3=34)+c

c=-9

So the equation of the diagonal BD is y = 3x — 9.

Since the diagonals bisect each other and have the same length,
the distance from the midpoint of AC to either point B or D is half
the distance from point A to point C. Both points B and D also lie
on the diagonal BD. First we plot all the information we know:

© Imago Education (Pty) Ltd
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Al‘\-'
ol
-1
61
s jdiagonal BD

C (1,4)
Al . :

e diagonal AC
| g (7,2)
l__ ;
X
I

distance from Ato C = /(7 — 1)% + (2 — 4)?
)
= 2V10

So the distance from the midpoint (4,3) to either point B or D is
v/10. Suppose we have a point (x,y) that lies on the diagonal BD

and is a distance v10 from the midpoint. Then it must satisfy the
following equations:

Ja—92+ @y -3)2=v10 (1)
y=3x—-9 (2)

Starting from eqgn (1):
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(x—4)?2+(y—-3)2=10 3)
(2) — (3):
(x—4)?2+(Bx—-9-3)2=10
(x—4)>+Bx—12)>=10
x2 —8x+ 16 +9x% — 72x + 144 = 10
10x2 —80x + 150 =0
x> —8x+15=0
(x=5)x—-3)=0

x=50rx=3

This gives two values of x that satisfy equations (1) and (2) Thus
there are two points that will satisfy the conditions listed above.
This is what we were expecting since B and D satisfy those
conditions. So we can find the corresponding y values:

Atx =5:

y=305)—-9=6
Atx = 3:

y=33)—-9=0

So the coordinates of B are (3,0) and the coordinates of D are
(5,6).

[Note: The answer at the back of the text book is incorrect.]

Question 6

a) Rearrange the equation of [;:
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3x+4y =16
-3 +4
y = 4x

So the gradient of [, is g and its equationis y = gx +c. At (7,5):

c 4
25(7)+C
28
€c=5-73
13
‘T3

So the equation for I, isy = gx - 1?3

b)
3
y=—Zx+4 (D
4 13
y=3x—73 (2)
(2) = (1):
4 13 3
3X—3 7 —Zx+4
16x — 52 = —9x + 48
25x =100
x=4 3)
(3) — (1):
y = —§(4)+4
4
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y=1 (4)
So the lines intersect at (4,1).

c) The perpendicular distance of P from the line [; is the distance
from P to the point of intersection:

d=+(7-4)2+(5-1)2
=v9+16
=5

Question 9
Rearrange the given equation:

2x+7y =5
_.2_ .5
y=T7*Ty

So the gradient of the line is —;. The equationisy = —%x +c. At (1,3):

3= 2(1)+
_3+2_23
€=°T7Ty
So the equation of the line is
_ 2 +23
Y=gy

or 2x+7y =23
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Question 10
First we find the gradient of the line joining (2, —5) and (—4,3):

i t—3_(_5)—8— 4
gradient = ———==—=—3

So the gradient of the line we are looking for is %. The line passes through

the midpoint of the line joining (2, —5) and (—4,3):
1 1
midpoint = (E (2+ (—4)),5(—5 + 3))
=(-1,-1)

The equation of the lineis y = %x +c. At (—1,-1):
1= 3( 1+
= 4 C
The equation of the line is y = %x — -

Question 11

1 1
midpoint of AC = (E(l + 6),5 2+ 6))

(554

To find the coordinates of D, first plot the information on a graph:
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€ (66)

B (3,5)

4L M (3.5,4)

N d @

The point D lies on the diagonal BD and is the same distance from M as
B is from M. These conditions give two equations which can be solved
to find the coordinates of D.

distance fromBto M = \/(3 —3.5)2+ (5 —4)2

=+v0.25+1
=+V1.25
Equation of the diagonal BD:
dlent 4-5 1 )
gradent =5 3= "5

The equation of the diagonal BD is y = —2x + c. At (3,5):
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5=-23)+c
c=11
Equation of BD:
y=-2x+11

So the point D (x,y) satisfies the following equations:

J(@x —35)2+ (y — 4)3 =V1.25
y=-2x+11
Starting with eqn (1):
(x —35)2+ (y—4)> =125
(2) — (3):
(x =352+ (-2x+7)?=1.25
x%2 —7x + 1225+ 4x? — 28x + 49 = 1.25
5x2—35x+60=0
x> —7x+12=0
(x=3)(x—4)=0

x=3o0rx=4

The x coordinate of D is 4 since the x coordinate of B is 3. So

y=—2(4)+11=3

The coordinates of D are (4,3).
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Question 12

a)

b)

The line AP is perpendicular to the line y = 3x. So the gradient of
AP is —%. The equation of AP isy = —%x +c. At (0,3):

3= 1(0)+
= 3 C
c=3
So the equation of AP isy = —%x + 3.

The lines AP and y = 3x intersect at the point P:

3—1+3
X=—3x

9x+x=9
x =09
Solve for y:
y = 3(0.9)
y=2.7

The coordinates of P are (0.9,2.7).

The perpendicular distance of A from the line y =3x is the

distance between the point A and the point P:

distance = /(0.9 — 0)2 + (2.7 — 3)2

=+/0.92 4+ 0.32
=+v0.9
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Question 13

To show that the given points are collinear, we must show that one of
the points lies on the line passing through the other two points.
Equation of the line passing through (—11,-5) and (4,7):

e = =5 _12_4
graqent =1y~ 15 5

Equation of line: y = %x +c. At (4,7):

4
16 19
=75 =%

So the equation of the line passing through (—11,—-5) and (4,7) is y =

4 19
—X+—.
5 5

To see if this line passes through the point (—1,3) find the value of y
when x = —1:

4 19
y=5C+y
15
—5 3

So this line does indeed pass through the point (—1,3). So the given
points are collinear.

Question 14

i) To find the value of k substitute the coordinates of the point A into
the equation of the line:
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4x + ky = 20
4(8) + k(—4) =20
32 -4k =20
4k =12
k=3

So the equation of the line is 4x + 3y = 20.

Now we can find the value of b, by substituting (b, 2b) into the
equation of the line:
4(b) + 3(2b) = 20
10b = 20
b=2

midpoint = <% 8+ 2),%(—4 + 4)) = (5,0)

[Note: The answer at the back of the text book is incorrect.]

Question 15

The point D is the point of intersection of the lines AD and DC. Since AD
is perpendicular to AB and the coordinates of both A and B are given,
we can find the equation of AD:

dientof AB=o 2= = 3
gradient of =3-¢=3°

So the gradient of AD is % The equation of AD isy = %x + c. At (3,8):
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8 = ! 3)+
= 2 C
—g 3 13
€777

So the equation of AD isy = %x + ?

The line DC is parallel to AB, so its gradient is —2. The equation of DC
isy = —2x+c. At (10,2):

2=-2(10)+c¢

c=2+20=22

So the equation of DC is y = —2x + 22.

Now the point D is the intersection of these two lines. So we can equate
the right hand sides of the two equations and solve for x:

1 13
§x+7=—2x+22
x+4x =44 — 13
5x =31

231 1

= 6—
X=75 T %5

31
y = —2(?)+22

So the coordinates of D are (6% 9%)

[Note: The answer at the back of the text book is incorrect.]
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Question 17

The point B is the intersection of the line segments AC and BD. The
equation of the line segment BD can be obtained since it is
perpendicular to AC and the coordinates of the point D are given.

Rearrange the equation of AC:

2y=x+4 (D)
_2 +2

So the gradient of BD is —2. The equation of BD is y = —2x + c. At
(10, —3):

—3=-2(10)+c¢
c=-3+20=17
So the equation of BD is
y=-2x+17 (2)
Now find the point at which AC intersects BD:
(2) — (1):
2(—2x+17)=x+4
—4x—x=4-34
—5x = =30
x=6
y =-2(6)+ 17
y=5

So the coordinates of B are (6,5).

© Imago Education (Pty) Ltd

Miscellaneous exercise 1 Page 32

The point C lies on the line 2y = x + 4 and is the same distance from the
point B as the point A is from B. Thus, to find the coordinates of C we
first need to find the coordinates of A and the distance from A to B.

The point A lies on the y-axis, so its x coordinate is zero. We can find
the y coordinate by substituting x = 0 into eqn (1):

2y=4
y=2

So the coordinates of A are (0,2).

distance from Bto A = /(6 — 0)2 + (5 — 2)2
=36 +9 =45

So the point C (x, y) satisfies the following equations:

(x—6)2+(y—5)2=45 (1)
1
y=5x+2 (2)

(2) = (1)

(x—6)2+(%x—3> =45

1
x2—12x+36+1x2—3x+9=45

> 2_15x=0
2 X X =
x>—=12x=0
x(x—12)=0

x=0o0rx=12
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The x coordinate of C is 12, since the x coordinate of A is zero. So we
can substitute this value of x into eqn (2) to solve for y:

1
y==(12)+2
2
y=6+2=38
So the coordinates of the point C are (12,8).

[Note: The answer at the back of the text book is incorrect.]

Question 18
Plot the given points on a coordinate plane:

+ v

P

0(6,5)

R(52)
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A rectangle has two sets of parallel lines, each set having the same
length and all its corners are right angles. To show that the given points
satisfy these conditions we must show that the distance between S and
P is the same as the distance between R and Q and that the distance
between R and S is the same the distance between P and Q. We must
also show that RS is parallel to QP and that SP is parallel to RQ and that
SP and RQ are perpendicular to RS and PQ. We start by finding the
distances between the points:

distance fromSto P = /(=1 —0)2 + (4 — 7)2 =10

distance fromRto Q = /(5 —6)% + (2 —5)2 =10

distance fromStoR = /(=1 —5)2 + (4 — 2)2 = V40

distance from P to Q = /(0 — 6)2 + (7 — 5)2 = V40
So we see that

distance from S to P = distance from R to Q

distance from S to R = distance from P to Q

Next we find the gradients of the line segments joining the points:

) 4-7
gradient of SP = 10" 3

) -2
gradient of RP =c_c " 3

) 4 -2 1
gradlentofSR=_1_5=—§

) _7-5 1
gradient of PQ =0=6¢-"3
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So it is clear that SP and RP are parallel and SR and PQ are
parallel. It is also clear that SP and RP are perpendicular to SR and
PQ. So the parallel line segments have the same length and all the
corners are right angled. Thus these points do form a rectangle.

Question 20

a) The diagonals of a rhombus bisect each other at 90°, but unlike a
square they are not the same length. Start by plotting the points A
and C and completing a rhombus using arbitrary points for B and
D. Note: at this stage we are not certain whether or not D lies on
the y-axis.

A (3,-4)

Since we are given the points A and C we can find the midpoint of
AC and then the equation of the diagonal BD:

© Imago Education (Pty) Ltd
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midpoint of AC = (% (-3+ 5),%(—4 + 4)) = (1,0)

35 1

gradient of AC =

BD is perpendicular to AC so the gradient of BD is —1. The
equation of BD is y = —x + c¢. At (1,0):

0=-1(1)+c

c=1
So the equation of the diagonal BD isy = —x + 1.

The point B is the intersection of the lines BD and BC. We are
given the gradient of BC and the coordinates of C so we can find

the equation of BC. The equationisy = gx +c. At (5,4):

5
4=§(5)+C
25 13
c=4-3="3

So the equation of BC isy = gx - ?

Next we find the point of intersection of BD and BC:

—x+1=§x—E
3 3
5x+3x=3+13
8x =16
x =2

y=-2+1=-1
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The coordinates of B are (2,—1).

The point D is the intersection of the line segments BD and AD.
Since AD is parallel to BC we can find the equation of AD. It is

given byy:§x+c. At A (-3,—4):
4—5( 3) +
_§ C
c=—-4+5=1
So the equation of AD is y =§x+ 1.

Now we find the point of intersection between AD and BC:

5
—x+1==x+1
x + 3x +
3x+5x=0
x=0
y=—0)+1=1
The coordinates of D are (0,1).

Question 21

Note: a median is the line joining a vertex of a triangle to the midpoint of
the opposite side.

First plot and label the points:
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X
3

C (6,0)

Next we find the midpoints of each side:

My

M,

M;

2

1 1
= midpoint of AB = <§ (0+4),=(2+4)

2

1 1
= midpoint of AC = <§ (0+6),=(2+0)

2

Now find the equation of each median:

2-2
gradient of AM, = 05" 0
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The equation of AM, is y = c¢. Since the line passes through (0,2), the
value of c is 2. So the equation of AM, is

y=2 (D

gradient of BM3 13

The equation of BM5 is y = 3x + c¢. At (4,4):
4=34)+c
c=4-12=-8
So the equation of BM; is
y=3x—8 (2)

dient of CMy = o—> = -3
gradient of 1= 5572

The equation of CM; isy = —%x + c. At (6,0):

0= 3 (6) +
9
T2
So the equation of CM; is
3 N 9 3)
Y=gy

To show that all the medians are concurrent, we find the point of
intersection of AM, and BM; and show that CM; passes through this
point:
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(1) — (2):

2=3x—8

3x =10
10

x=3

So AM, and BMj; intersect at (? 2). To show that CM; passes through

(% 2), we find the y value of CM; when x = ?

_ 3<1O>+9_4_2
Y="3\3)72727

So the medians are concurrent and all pass through the point (?, 2).
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CHAPTER 2

EXERCISE 2A

Question 1

a) V3 x+V3=+3x3=3

c) V16 x V16 =+16x 16 = 16

e) V32 x+V2=+32x2=+64=38
g9) 5V3 xV3=5V3x3=5(3)=15
) 3V6 x4V6 =12V6 x 6 = 12(6) = 72
K (2v7) =22(V7)" = 4(7) = 28

m V5 x V5 x Y5=35x5x5=5
0) (2¥2)° = 25(32)° = 64(2)? = 256
Question 2

a) V18=V9x2=4+9 x V2=32
) V24=+VAx6=+4xV6=2V6
e) V40 = V4x10 = V4 x V10 = 210
g) V48= VI6x3= V16 x V3 =43
) V54=+V9%x6=+9 x V6= 3V6
k) V135= vV9x15= +9 x /15 = 315

Question 3

a) V8+V18=VAx2+VIx2=2V2+3V2=5V2
) V20—V5=vV4x5-V5=2V5-/5=15

d  V32-V8=vV16Xx2—-Vax2=4V2—-2V2 =22
f) V27427 =2V27=2V9x3 =2(3V3) =6V3
9)

V99 +V44 +V11 =V9x 11 +V4 x 11 + V11

=3V11+ 2V11 + V11
= 6V11

) 2vV20+3V45 =2V4x5+3V9Ix5=4V5 x 9V5 = 13V5
) V52-VI3=+Vax13-VI3=2VI3-VI3 =13

1)
VA8 + 24 — V75 +vV96 = V16 X 3+ V4 x 6 — V25 x 3+ V16 X 6
= 4V3 4+ 2v6 — 5V3 + 46
=6vV6 -3
Question 4
V8 _ 2z _
a) ﬁ =G - 2
VAD _ 2Vi0 _
C) \[ﬁ = 710 =2
V125 _ 5V5
® F=w oS
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) M3 _ 8 _1

9 Va8 43 4

Question 5

a) i:ixﬁ:l 3
3° V3T V3 3
4 4 V242

0 BT=HXBET g -2
11 11 Y11 _ 1111 _

€) Vit 11X\/H_ 11 = V11
1212, VB _ 1248 _

9 BTG G s =43
VB _ 8 VE_ VT _ 23 _

) \/_i_zxz_z_z_\/§
3V5 _ 3V5 V3 _ 3V15 _

W FEEXE=s -V
Wz _ T2, N3 _7e _7

m) 2v3 ﬁx_3_2(3)_6\/€
9Vi2 _ 9(2)v3 _ 18V3 V2 _ 18V6 _ 3

0) 2\/@_2(3)&_6\/7)(\/7_6(2)_2\/6

Question 6

a) V75+V12=5V3+2/3 =73

) Z-vz7=2L_3y3=4/3-33=13

2 V2 _2V3  Vi2 _ 2v3 | 2V3 _ (2+1)V3 _
d) \/_§+\/_5_3+6_3+6_3_\/§
f)

(3-v3)(2-+V3)—V3xV27=(6-3V3-2vV3+3)-V3x3V3
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=(9-5V3)-3(3)
=9-9-5V3
= —5V3

Question 7
a)
area = 4V5 x V10
= 4V/5 x 10 = 4v/50
= 4V25 x 2 = 20V2

b)  The diagonal AC is the hypotenuse of the right angled triangle
ABC. We use Pythagoras’s theorem to find its length:

AC? = AB? + B(C?
= (4v5)" + (V10)°
=16(5) + 10
=90

~ AC =90 =310

Question 8
a)
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C) ~ x=+v275=5V11cm
zV32-16 =28 — 4 d)
422 — 22V2 = 12
(3v7)” = 22 + (3v2)*
2zV2 = 12
z ¢ 9(7) = x?+9(2)
z= N 3v2 x% =45
] x =3V5cm
Question 9
a) 3Y24=3Y8x3=233 Question 11
d)  3/3000 — ¥/375 = Y1000 x 3 — ¥125 x 3 = 1033 - 533 = 533 To use the information that we are given, we have to first write each
expression in the form k+/26.
Question 10 2)
Since each of the triangles is right-angled, we can use Pythagoras’s
theorem. Let’s call the length of the unknown side x in each case. V104 = V4 X 26 = 2126 = 2(5.099019513593)
a) = 10.198 039 027 2
x%? =122 + 82 b)
= 144 4
te V650 = V25 x 26 = 526
=208 = 5(5.099019513593)
. x =+/208 = 4V13 cm = 25.495 097 5680
C
b) )
z 2 13 _13v26 1 26 = 1 (5.099019513893)
x = (10v2)" + (5v3) V26 26 2V TV
=100(2) + 25(3)
= 2.549 509 756 8
=200+ 75
=275
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Question 12
7x — (3V5)y = 9V5
(2V5)x +y = 34
Rearrange eqn (2):
y =34 — (2\/§)x
(3) — (1)
7x — (3v5)(34 — (2V5)x) = 9V5
7x —102V5 + 6(5)x = 9V5
37x = 111V5
x =35
(4)— (3)
y = 34— (2V5)(3v5)
=34 —6(5)
=4
So the solution is x = 3v5 and y = 4.
Question 13
a)

(V2-1)(V2+1)=2-V2+V2 -1
=2-1=1

(1)
(2)

(3)

(4)

(5)
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c)
(V7 +3)(V7 = V3) = 7 = V7V3 +V3V7 - 3
=7—-3=4
e)
(4vV3 —V2)(4V3 + v2) = 16(3) + 4V3V2 — 4V2V3 - 2
=48—-2 =146
9)
(4V7 = V5)(4V7 +V5) = 16(7) + 4V7V5 — 4V5V7 - 5
=112-5 =107
Question 14

All the parts in question 13 show the same pattern:
(a+b)(a—b) =a?—b?

We use the pattern that we found in question 13 to answer this question.
(This is a very useful pattern and is called the difference of two squares.)

a) (V3-1)(V3+1)=3-1=2
) (V6-V2)(V6e+v2)=6-2=4
e) (VI1+vV10)(Vi1-v10)=11-10=1
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Question 15
a) For any real number, a, a X 1 = a. Since any real number divided
. . V3+1 1 V3+1 _
by itself is equal to 1, we have A 1. Therefore Al
1
V3-1'
1 1 3+1 3+1 3+1
LHS = = X V3 = V3 = 3 = RHS
V3-1 V3-1 V3+1 3-1 2
b)
1 2v2—+3 2V2—-+3 2v2-+3
LHS = X V2 \/_: V2 \/_: V2 \/_:RHS
2V2++3 2v2-v3 4(2)-3 5
(Notice that in choosing what to multiply the given expression by,
we used the difference of two squares so that the denominator
would be rational.)
Question 16
a)
1 1 2+vV3 2+43
= x = =2+3
2-vV3 2-v3 2+v3 4-3
b)
1 _ 1 3/5+5_ 3V5+5 3V5+5
3v5—5 3vV5-5 3v5+5 9(5)—25 20
c)

W3 4B 2/6-3V2
2V6+3V2 2V6+3V2 2V6-—3V2
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_ 8V/18-12V6
T 4(6) —9(2)

2442126
=

=42 - 26
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EXERCISE 2B
Question 1
a) a?xadxal =a*3H = g2
c) c’+c3=c"3=c*
d) d>xd*=d**=d°
f) (x3y2)2 = (x3)2(y?2)? = x3%2y2X2 = x6y4
g) 5g°x3g%=159°*3 =15¢8
) (2a*)? x (3a)? = (8a***)(9a*) = 72a%a* = 72a®
i) (02¢%)% x (pq3)3 = p?*2q3*2p3q>3 = ptq®p3q® = p’q'"
) (6ac?®)? + (9a%c®) = 36a?c® =~ 9a?c® = 4a?7%¢%5% = 4c
m)  (B3m*n?)3 x (2mn?)? = 27m'?n%2 x 4m?n* = 108m**n1°
0) (2xy?z3)% = (2xy?z3) = 4x?y*z% + 2xy?z3 = 2xy?23
Question 2
a) 211 X (25)3 — 211 X 215 — 211+15 — 226
C) 43 = (22)3 = 22X3 — 96
27x28 215

e) 513 = 2T3 = 22
g) 4*+2*=(2%)*+2t=2%+24=24*=2
Question 3

-3_1_1
a) 27°= 53

-1 _ 1
c) 5= -
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—4 _ 1 _ 1
€) 10 104 T 10000
n1 1
9 () =&=2
. 1! 5\71 2
) (23 =(G) =%
_3___L
K) 6 T 63 216
Question 4
_ 4 4 1
a) M =g=5=5=;
1,-s_t __1 _ 1 _1
c) e 4x3 7 4(23) ~ 4(8) 32
1 \3 (13 3 43 ea
) (Gx) =(G) =5=5%
_ - 43 64 64
N @+HP=(]) =5=H=7=8
Question 5
-1 _1_ 1 _ 1
a) Zy) T2y 2(3) 10
1\ oyt o 2
o (v) =(G) »'=3=:
111 _ 1 _ 1
d) y T2y 2(3) 10
2 2 2 2
f) (y D)1~ y-1x-1 _ y 5
Question 6
a) a*xa3=a*3%=aqa
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) (c2)3 =23 =¢6= 1

C6
d) dix2d=%=2
2 1 1

" FTEETE

3 2\—2 _ 3 2 _4 _12g° 3
9) 129°x(297)7"=12g"x27°gT = =1
) @BiT)T=37%t =i
. 1. - -3 1 -3 .6 3:6 .6
o(G?) =) ==y
|) (p2q4r3)_4 — (p2><—4q4><—4r3><—4) — p—sq—16r—12

3

m) (4m?)"l1x8m3 = 322 =2m

2y-1 2 _ 16x?y? _
0) (2xy?) ' X (4xy)* = y? = 8x

25a%c™? _ 25a°a _ 25a’
2a-1c2 = 2¢2¢2 ~  2¢t

p)  (5a3c )%+ (2a71c?) =

144y*
X2

N GBx72y)? + (4xy)~2 = (9x~*y?)(4%x%y?) = 9(16)x 2y* =

Question 7

a) We can rewrite the given equation so that the right-hand side is
expressed in powers of 3:

Sox =-2.
c) Rewriting the given equation:

27 x 2773 =25

© Imago Education (Pty) Ltd
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ZZ+Z—3 — 25

So we have:
2z—3=5
z=4

d) Rewriting the given equation:

73x—x+2 — 7—2

So we have

2x+2=-2

f) Rewriting the given equation:
3t X (32)t+3 — (33)2

3t+2t+6 — 36

So we have:

3t+6=6
t=20

Question 8
a)
volume = (3 x 10?2 m)3
=33x10"°m3

=27x10"%m3

=2.7x10' x 107 m3

=2.7%x10"5m3
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b)

Question 9

Question 10
a)

b)

surface area = 6 X (3 X 1072 m)?
=6x(9%x107*m?)
=54 X 107* m?
=54x%x10"3m?

2x 1071 km
75x 103 h
=0.2667 X 1071 x 103 km h~1

= (2.667 x 1071) x 102 km h™1!
=2.67%x10'kmh~?!
=26.7kmh™!

speed =

V=mn(2x10"3m)?(80m)
=80X4xmx10"°m3
=1005.3 x 107 m3
=1.0x1073m3 to2s.f.

8x1073m3 = n(5x 1073 m)?l
_ 8x1073m3
(25 X 1074 m?2)
[ =0.1019 x 1073 x 10° m

© Imago Education (Pty) Ltd
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b)
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[ =0.1019 x 103 m
[=1019m told.p.

6 x 1073 m3 = nr?2(61m)

,  6x1073m3
 m(61m)

r2 =0.03131 X 1073 m?

r?2 =3.131x10°

r

r =+/3.131 x 10~5 m2
r=56x103m to2s.f.

A
Y= a
_(7x1077)(5x 1071)
B 8x 104
35 % 1078
Y= Tan"2
8x10

y =4375%x107*

_ Y
A=
1 (2.7 x 107%)(1073)

0.6
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_ 2.7 x 1077
06
A=45x%x10""
Question 12
35x+2 274+3x
91-x — 729
35x+2 (33)4+3x
(GBH* 729
35x+2 312+9x
32—2x = 36
35x+2-2+2x — 312+9x-6
37x — 39x+6
So we have:
7x=9x+ 6
2x = —6
x=-3
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EXERCISE 2C
Question 1

1
a) 252=+25=5

1
c) 362=+36=6

Ty,
e) 81+ =481 =3

_1 1 1 1
g) 16 = —_— = — = -

161 V16

K 645 = (V6h) =42 =16

) (=125 = (¥=125) " = (=5)"* = —

(-5)*

Question 2

Question 3
2
a) 85:(%)2:22:4

3
C) 92:—3=—=—
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e) 32=(332) =22=4

_5 1 1 1

g) 64 6 =

(m)s BEEARED

. _3 -3
) 100007+ = (¥Y10000) =103 = —

~ 1000
3\ (275 (327\? 3\2 9 1
W (33 =(%) =(¢§) =(5) =3=2
Question 4
1 5 6

a) a3xa3=a3=a’

c) (6&) X (40)7 = 6(2)cs = 12¢3

2

d (@)= (di) e ed=1

) (24e)s ~ (3e)s = 3\/2_461% _ 3\/(237) _3g=2

33e3
1
2 ,4\3 1 1 2 1 4 2 1
9) % = 5:253p3piqiqs = (125)3pq” = 5pq*
pg?)73
1
2,,—-1\" 2 1 1 1 1 1 1 1 3 5 3
i) % = 852_Zx_5y‘1x_5y1 = (23)52_195_1}/_1 = ZZx_ly_Z
8x~1y“) 2
Question 5
a)
1
x2 =28
x =82 =64
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Question 6
a)

b)

Exercise 2C

=

=

N w
Il I
ll\\)')lr—t 3

I~y

=
N[ =

=

Il
—

\®]
N =
N

11
T =2mlzg 2

1
T = 2m(0.9 m)2(9.81 ms™2)
T=19s
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=g
T 4m?
- (35)%(9.81ms™2)
B 42
l=22m
Question 7
1
_ (3V)§
"= 4n
1
_ (31150 cm?)\3
"= 4r
1
r = (274.5 cm3)3
r=6.5cm
Question 8

In each case we rewrite the given equation in the form a* = a* where k
is known and then solve for x.

a)
4* = 32
22x=25
2x =5
_5
X732

c)
16%Z =2

© Imago Education (Pty) Ltd
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24—222

4z =1

9)

(293 x 41 =16
23t92t=2 — 74

25t—2=24
5t—2=4
5t =

t =

vl oy O
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MISCELLANEOUS EXERCISE 2

Question 1
c)
(V5-2)" + (V5—2)(V5+2) = (5— 2V5 —2V5 + 4) + 5 — 4
=10 — 45
d)
(2v2)" = 2525
— 252%
_ 954293
=27V2
=128V2
Question 2

b) V63—-vV28=vV9X7—V4x7=3V7-2V7=+7

1 1 1 4 1 1 3 1
d V24+V16=23+Q2%)3=23+2s=25+42323=(1+42)23=332

Question 3
9 _ 9 V3_93_3
a) 323t 3_2(3)_2\/§
0) ﬁzﬂxﬁzzﬁmzzﬁﬁﬁzzwﬁ:10\/521\/7

3v10 3v10 10 3(10) 30 30 30 3
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Question 4
c)
1 1
—(2V2-1)+V2(1-v8)=2—-—=++V2-+16
F@2-1)+2(1-VB) =2~
2
=2—4—§+x/§
V2
=-2+—
d)
\/€+3+\/1_5+\/1_8_\/ﬁ+3\/§+\/ﬁ+\/108
V2 V3 A5 6 2 3 5 6
2V3 5V3  6V3
=gtV
=V3+V3+V3+3
= 44/3
Question 6
a) V12 x+/75=2vV3x5V3=10(3) =30

b)

1 1 1 1
V12 x+475=(22x3)2x(52%x3)2=2x32x5%x32=2X5x
3=230
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Question 8
P
[6 — 2\-’5) cm
Q (6 +2v2) em
a)

1
area = > X base X height

area = %(6 —2v2)(6 + 2v2) cm?
area = %(36 —4(2)) cm?

1
area =~ (36 — 8) cm?
area = 14 cm?

b)  From the figure it is clear that the side PR is the hypotenuse of a
right-triangle. Thus the length of PR can be found using
Pythagoras’s theorem:

PR? = (6 —2V2)" + (6 +2v2)"
=36 —24V2 + 4(2) + 36 + 24V2 + 4(2)
=88

PR =+/88 = V4 x 22 = 24/22
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Question 10
A
4+/3cm
60°
C B
5v3cm

From the figure above it is clear that the side AC is opposite to the angle
B. So the cosine rule gives us:

AC? = AB? + BC? — 2(AB)(BC) cos(B)
AC? = (4v3)" + (5v3) — 2(4V3)(5V3) cos(60°)
1
AC? = 16(3) + 25(3) — 2(20)(3) (E)
AC? =63

AC =63 =9x7 =37

Question 11
5x — 3y = 41 1
(7v2)x + (4v2)y = 82 )
Rearrange eqn (1) to make y the subject:
3y =5x —41
_ 5 41 3)
Y=3%73
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(3) — (2):

(7V2)x + (4V2) (gx — %) = 82

202 1642
X — = 82

(7V2)x + 3 3

412 1642
3 x =82+ 3

_ 3(246 + 164V2)
T 4103)V2

6
x=—+4%

V2
x=3V2+4 (4)

(4)— )

5 41
y=§(3\/§+4)—?

20 41
y—5\/§+?—?
y=5V2-7 (5)

So the solution is x = 3v2+ 4 and y = 5v3 — 7.

Question 14

a) The equation of the lineis y = —%x + c. At the paint A4 (2,3):

1
3=—=(2
2( )+c¢
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c=3+1=4

So the equation of the line lis y = —%x + 4.

b) The point P (2 + 2t,3 —t) lies on the line [ if, for any value of ¢, it
satisfies the equation found in part a. Starting from the right-hand
side gives:

1
RHS = —5(2 +2t)+ 4
=—1-t+4
=3-t

= LHS

c) Thelength of AP can be found using the distance formula:

AP = /(2 +2t—2)2+ (3 —t—3)2
AP = Qo7 + (07
AP = \/4t? +t2
AP = /5t

Now we want to find the values of t such that AP = 5:

V5t2 =5

5t% = 25
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So the length AP is 5 units if ¢ is either V5 or —/5.
d) First we need to find an expression for the gradient of the line OP:

3—t—-0 3—t¢
242t—0 2+2t

gradient OP =

Now we are looking for the value of t such that OP is perpendicular
to [, i.e. where the gradient of OP is 2.

3-t
242t

3—t=4+4t
5t =—1

So the length of the perpendicular from 0 to [ is the length of the
1

lines segment OP, when t = -

length = J(z +2 (— %))2 + <3 - (_ 3)2

_ 64- + 256)
N 5 25
320 8
25 =5¥5
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Question 16
We start by plotting the parallelogram:

To find the length of the side AD, we need to find the coordinates of the
points A and D. We do this by finding the point of intersection of the sides
AD and CD and the point of intersection of the sides AB and AD:

x+y=-4 (D
y=2x—4 2)
2)—(1):
X+2x—4=-4
3x=0
x=0 (3)
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(3) — (2):

y=0—4=—4 (4)
So the coordinates of A are (0, —4).

x+y=—4 (5)
y=2x—13 (6)

(6) — (5):

x+2x—13=—-4
3x=9

x=3 (7)

(7) — (6):
y=23)-13=-7 (8)

So the coordinates of D are (3,-7).

Now we can find the length of the side AD:

length = /(3 — 0)2 + (=7 + 4)2
=v9+9
=18 =3V2
To find the perpendicular distance between the side AD and BC we find
the equation of the line that is perpendicular to AD and passes through

the point A. Let us call this line [. The equation of the line AD can be
rewritten as

y=-x—4.

So the gradient of  is 1. Equation of I: y = x + c. At (0, —4):
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—4=0+c
c=-4

So the equation of the line Ll is y = x — 4.

Now we need to find the point at which the line [ intersects the side BC:

x+y=5 (C))
y=x—4 (10)
(10) — (9):
x+x—4=5
2x =9
x=2 (1)
2
(11) — (10):
9 1
y=5-4=3 (12)

So the line [ intersects the side BC at (g%) The perpendicular distance

between sides AD and BC is the distance between the points (0, —4) and

¢

2 2

distance = (9 o) (1 4)
istance = 5_ + §+
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_ 81 81
S04 4
_ 2(81)
N 4
81
= [—/2
4\/_
9
=—4/2
2\/_

So the area of the parallelogram is

9 27
area = Sﬁxzﬁ=7(2) =27

Question 19

2 1
x3—6x3+8=0

We cannot add the two terms involving x since they have different
powers of x. However, if we make a substitution we can transform this
equation into a quadratic equation which we can solve.

1
Let y = x3. Then the equation becomes

y2—6y+8=0

-Hly-2)=0
y=4ory=2

Now we must substitute back into our expression for y to solve for x:
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x=y3

x=4% or x =28
x=64 or x=28
[Note: the answer at the back of the text book is partially incorrect.]
Question 20
42X x 8*1 =32
Rewrite this equation in the form 24¥+b = 2k:
(22)2% x (23)*¥~1 = 25

24x93x=3 — 95

27x—3 — 25
So we have
7x —3=5
7x =8
_ 8
*=7
Question 22
b)
Gn?t 1 1
17 5p(2b2)  10b3

(8b°)3
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d)
1132 1 1\* 22 64
<m3n2) X (m6n3) x (mn)~% = m3n2Zman3m2n=2
4 _6 4
=m3m 3n3n~!
_2 1
=m 3n3
Question 26

1 1 1 1 1 1 z
) B+B+2B+2=4(25)=2205=2

e)
80.1 + 80.1 + 80.1 + 80.1 + 80.1 + 80.1 + 80.1 + 80.1 — 8(801)
— 81+1.1 — 81.1 — (23)1.1 — 23.3
[Note: the answer to part (e) at the back of the text book is
incorrect.]
Question 27
1253« B 25%72
5x+4 3125
o (52)x—2
(53)3x(5 x 4) — £
59x5—x—4 — 52x—45—5
58x—4- — 52x—9
So we have

8x—-4=2x—-9
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5
*=7%
Question 28
a) Solve for r in the expression for V:
3V
3 " _
4 4m
1
_ (3 V>3
"= 4r

Now substitute this into the expression for S:

S = 4nr?

_2 2z 22
= 22(2%)73(3)3nn " 3V3

wlnN

221
= 233373V

[Note: the answer at the back of the text book is partially incorrect.]

b)  Solve for r in the expression for S:

S

2
re=—
41

1
S\2
"= (&)

Now substitute this into the expression for V:

V_4
—37tr

3
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_1 _13
= (2%)7237 17282

13
=2713"177252
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CHAPTER 3 Question 3
fx)=x?>+4x+3
EXERCISE 3A a) f(2)=(@)?*+42)+3=4+8+3=15
Queson 9 1= () s=traes=s:
f(x)=2x+5

c) fOH=@M'+41)+3=1+4+3=38

a) fB)=23)+5=1 f(-1)=(1D*+4(-1)+3=1-443=0

b) f(0)=2(0)+5=5
(Note: this function has the term 4x and 4(x) # 4(—x) so the

c) f(-49)=2(-49)+5=3 function has different values at x and —x.)

d  f(-23)=2(-23)+5=2(-3)+5=0 d) fBR)=@)P?+43)+3=9+12+3=24
Question 2 f(=3)=(-3)?2+4(-3)+3=9-12+3=0
fO) =3x*+2 Question 4
a) f(4)=34)*+2=3(16)+2=50 gx)=x3and h(x) = 4x + 1
b) f(1)=31)*+2=3+2=5 a) gD+h@=2)3+4Q2)+1=8+8+1=17
f(-1)=3(-1)2+2=3+2=5 b)
(Note that (—x)? = x2 so the function has the same value at —x or 3g(—1) — 4h(-1) =3(-1)° —4(4(-D + 1)
x) =—3—4(—4)—4
) f(3)=3(3)2+2=309)+2=29 =9
F(=3)=3(=3)2+2=3(9) +2 = 29 2
g(5) =53 =125
d  fB3)=33)2+2=3(9)+2=29
h(31)=431)+1=124+1=125
g9(5) =h(@E1D)
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d h(g(2)=4(g@2)+1=42%+1=4(8)+1=33

Question 5
We are given f(x) =x™ and f(3) =81, so we substitute 3 into the
function to determine the value of n:
f(3)=3"=81=23*%
Son=4.

Question 6

We are given that f(x) = ax + b and that f(2) = 7and f(3) = 12, so we
substitute 2 and 3 into the function and solve the two resulting equations
simultaneously to obtain the values of a and b:

f(2)=2a+b=7 (1)
f(3)=3a+b=12 (2)
1) -2
2a+b—-3a—-b=7-12
—a=-5
a=5 3)
3)—(1):
25)+b=7
b=7-10=-3 (4)

So the function is f(x) = 5x — 3.
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Question 7

The largest possible domain of a function is the largest set of numbers
for which the function is defined.

a)  The function vx is defined for all positive real numbers x and zero.
To put it the other way around, the square root of a negative
number is undefined. So the largest possible domain of the
function is the set of all real numbers x such that x > 0.

e) Since the square root of a negative number is undefined, the
largest possible domain of the function is the set of all real
numbers x such that

x(x—4)=0

Now the product of two real numbers is positive if either both
numbers are positive or both numbers are negative. So we have

x=>0andx—4=>200Rx<0andx—4<0
x=>0andx=>40Rx<0andx <4

Note that if x > 0 and x > 4, then x must be greater than or equal
to 4. Similar reasoning applies to the statement after ‘OR’ above.
Thus the solution of the above inequalities is

x=>4o0rx<0

So the largest domain of this function is the set of all real numbers
x suchthatx < 0orx = 4.

h)  Again, we are looking for the set of values for x that always give a
positive number under the square root:

x3—-82>0
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)

k)

x3>8
X =2

So the domain of the function is the set of all real numbers x such
that x > 2.

Here the operation is defined unless the denominator is zero —
division by zero is undefined. So we find the value of x where the
denominator is zero:

x—2=0
x=2
So the domain is the set of all real numbers except 2.

Since we are taking the square root x — 2 cannot be less than

zero. However since we are also dividing by vx —2, (x —2)
cannot be zero. So we have:

x—2>0
x> 2

So the domain of this function is the set of real numbers such that
x> 2.

Since the square root of a negative number is undefined, x has to
be positive or zero. But, since division by zero is undefined the
denominator cannot be zero. However, since the square root of
any positive number is positive, the denominator will always be
positive. Thus the domain of this function is the set of all real
numbers x such that x > 0.
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Since division by zero is undefined we need to find those values
of x that would make the denominator zero.

x—1Dx-2)=0
x=1o0r x=2

So the domain is the set of all real numbers except 1 and 2.

Question 8

a)

d)

f)

We are given that the domain is the set of all positive real numbers.
Now clearly the function reaches its minimum value on the given
domain where x goes to zero. Also it is clear that there is no
restriction on the maximum value of the function on this domain.
Since f(0) = 7, the range of this function is f(x) > 7.

(Note: zero is excluded in the domain, so the range of f(x) is a
strict inequality.)

This is the same as question (a): the function reaches its minimum
value on the given domain as x goes to zero and there is no
restriction on its maximum value on this domain. So the range of
this function is f(x) > —1.

Since x? is always positive, the minimum of this function is —1
where x = 0. There is no restriction on the maximum value on this
domain. So the range is f(x) > —1.

The term (x — 1)? is the square of a real number, so it is always
positive. So the minimum of the function is 2 which occurs where
(x —1)? = 0 (i.e. where x = 1). So the range is f(x) > 2.

(Note: since x = 1 is included in the domain, f(x) = 2 is included
in the range.)
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Question 9

a)

c)

d)

f)

Since x? is always positive, the lowest value of this function is 4,
which occurs when x = 0. As x increases in the positive direction
and in the negative direction the value of the function also
increases. So the range is f(x) = 4.

Similarly to question (a), the minimum value of (x — 1)? is zero
since (x — 1)? is the square of a real number. (This minimum value
occurs when x = 1.) Therefore, f(x) has a minimum of 6, and the
range is f(x) > 6.

In the same way, the term (1 — x)? has a minimum of zero when
x = 1; for other values of x, (1 — x)? > 0. Therefore —(1 — x)? has
a maximum of zero where x = 1, and is negative elsewhere. Thus,
f(x) has a maximum of 7 and the range is f(x) < 7.

The term 2(x + 2)* has a minimum of zero where x = —2 and for
all other values of x it is greater than zero. So the minimum of the
function is -1 and the range is f(x) > —1.

Question 10

b)

c)

This function is a straight line with a negative gradient. So to find
the range of the function, we evaluate the function at the end
points of the given domain:

f(=2)=3-2(-2)=3+4=7
f(2)=3-2(2)=3-4=-1
So the range of f on the given domainis —1 < f(x) < 7.

x? is always greater than or equal to zero, so this function reaches
its minimum value of zero where x = 0 which is included in the
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given domain. The greatest value of the function on this domain is
f(4) = 4% = 16. So the range of the function on this domain is
0<f(x)<16.

(Note: in this case we cannot simply evaluate the function at the
end points of the domain since f(-1) = (-1)?2=(1)?=1 and
f(0) =0 < f(—1). So here the minimum of the function does not
occur at the left end point of the domain.)

Question 11

a)

)

Since the power of x is even, f(x) is greater than or equal to zero
for all real numbers x. So its minimum value is 0 where x = 0. So
the range is f(x) > 0.

Here the largest possible domain is the set of all real numbers, x
excluding zero. In the expression x3, the power of x is odd, so the
value x3 ranges over all real numbers. So the function f(x) = is
X

can be either positive or negative but it excludes zero. So the
range is f(x) < 0or f(x) > 0.

The term x* is greater than or equal to zero for all values of x. So
the minimum of this function is 5 and there is no restriction on its
maximum. So the range is f(x) = 5.

The largest possible domain for this function is the set of all real
numbers such that

x=>—-2andx <2
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Now f(+2) =v4 —4 =0 and f(0) = V4 — 0 = 2. So the range of = 12w — w?
the functionis 0 < f(x) < 2. Therefore:
Question 12 A=36—(w—6)> 3)

Start by drawing a diagram of the rectangle. Here we have labelled the

) ) In order to form a rectangle, both w and h have to be greater than zero.
width w and the height h.

From eqgn (1) we see that this requires that w < 12. So the domain of the
function is 0 < w < 12. The term (w — 6)? is zero where w = 6. So the
maximum of A is 36 where w = 6 and the minimum is zero where w =
h 0 or 12. Sotherangeis 0 < A < 36.

(Note the strict inequality on the left-hand side of the range since the
domain does not include 0 or 12 and the weak inequality on the right-
hand side since the domain does include 6.)

W

Since the length of the wire is 24 ¢cm, we have a condition on the
perimeter of the rectangle: Question 13
If you expand the expression for y, you will find that the highest power

2w+ 2h = 24
of x is 3. So the graph has the shape of a cubic function.
2h =24 - 2w
h=12-w (D

So we can find an expression for the area:
A=wh=w(12 —w)
= 12w — w? (2)

We can prove that this is equal to 36 — (6 — w)? by rearranging the latter
expression:

A=36-(6—w)?

=36 — (36— 12w + w?)

© Imago Education (Pty) Ltd Website: imago-education.com

This sample may be freely distributed provided that the copyright notices are retained and it is not changed in any way.


https://imago-education.com/

Worked solutions to Pure Mathematics 1: Coursebook, by Neill, Quadling & Gilbey Exercise 3B Page 61
EXERCISE 3B

Question 1

The four graphs have been drawn on the same axes to show the relative
characteristics of these functions.

Six) =x?
61 Jlx) =x5

VORES

=)
L
(=
[
L
[ o
(=]
L

The height, length and width of a box have to be greater than zero. This
leads to three conditions on x:

x>0
22-2x>0=>x<11

8-2x>0=>x<4

So an appropriate domain for this function is the set of all real numbers

2 suchthat 0 < x < 4. From the graph above we can note the following characteristics of

functions of the form f(x) = x* where k is a positive integer:

1.  Even powers of x are always positive while odd powers of x have
the same sign as x.

2. All the graphs pass through the point (1,1).
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3. Inthe region —1 < x < 1, for the higher the powers of x, f(x) is
closer to the x-axis. (l.e. the absolute value of f(x) is smaller.)

4. In the regions x < —1 and x > 1, the higher the power of x the
more quickly the function goes to infinity or negative infinity. (l.e.
the graph is steeper.)

Question 2

To find the order in which the vertical line, x = k, meets the three graphs,
let’s substitute the value of k into the three functions:

a.) k=2:
. — (2)—2 — 1 — 1
p:y= = >3 =
. — (2)—3 — 1 — 1
q:y= = >3 =
. (2)_4 1 1

So the points at which the vertical line x = 2 meets the graphs are
in the following order: R, Q, P.

1
b) k=E!

1 _2
. = | — = 2 =
Py (2) 2 4

1 -3
: == = 23 =
Ty (2) 8
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So the points at which the vertical line x = % meets the graphs are

in the following order: P, Q, R.

-4

ry= (—%) =(-2)*=16

So the points at which the vertical line x = —% meets the graphs

are in the following order: Q,P,R.

d k=-2
p:y=(-2)"?%= S
(=2 4
qy=(-2)7= R
(=2)3 8
4 _ _1
my =027 —2)* 16

So the points at which the vertical line x = —2 meets the graphs
are in the following order: Q,R, P.

From the characteristics of functions of the form x* where k is a
positive integer listed in question 1 and the observations above,
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we can work out the characteristics of functions of the form
f(x) = x~™ where m is a positive integer:

1.

If m is even then f(x) is symmetric about the y-axis; if m is
odd then f(x) is symmetric about the origin. (That is when x
is negative, if m is even the graph is above the x-axis and if
m is odd the graph is below the x-axis.

The function f(x) always passes through the point (1,1).

The function is always undefined at x = 0. For any m the
function goes to positive infinity as x goes to zero from the
right-hand side. If m is even, then the function goes to
positive infinity as x goes to zero from the left-hand side and
if m is odd, then the function goes to negative infinity as x
goes to zero from the left.

As x goes to either positive or negative infinity, the function
goes to zero.

In the region 0 < x < 1, if m and n are positive integers and
m > n, then x™ < x™. So me > xin That is the graph of x™
lies below the graph of x~™™ in this region.

In the region x > 1, if m and n are positive integers and m >
n, then x™ > x™. So xim < xin That is the graph of x™" lies
above the graph of x™™ in this region.

In the region —1 < x < 0, if m and n are positive integers
and m > n, then |xim| > |xin| That is the graph x™" is closer

to the x-axis than the graph of x™™.

© Imago Education (Pty) Ltd
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In the region x < —1, if m and n are positive integers and
m > n, then |xim| < |xin| That is the graph x~" is further from

the x-axis than the graph of x™™.

These points are illustrated in the graph below:

Question 3

a)

S =
v oflx) =x3
Sx)=x+

Ln
f=]

|
B i &

0<x3andx~3<0.001
_1 _1 _1 _1
0)3<(x 3 3and (x3)3<(1073)73

x>0andx > 10
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~x>10

(Notice that the inequality sign is reversed because each side of
the inequality is raised to a negative power. This is because, if

x >y and they both have the same sign, then % < i Think about
it!)
0.00151+

0.001+

0.00051

[}
e
o
o
=5
=1
=)
s
—
o
=

d)
8x~* < 0.000 05

_, _ 0.00005
* 8
1
1 0.00005\ 4
(x™) 2> (T) =20

x> 20
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TE-5
6E-5
SE-§fmmsemnemmmamsancamsamcacenmsaceansanedea e
4E-51
3E-5+
2E-5+

IE-5t

Question 4

The properties described in questions 1 and 2 apply here. Some other
graphs with integer powers of x have been plotted for reference.

a)
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c)

d)

[
h

p=-2x72

© Imago Education (Pty) Ltd
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(=
h

p=x25 28

(SR N
[

[
h
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Question 5
A
a) This function can be rewritten as y = Vx2. Since x2 is always
ol
positive, this function is defined for x < 0 and it is symmetric about
the y-axis. 1 y=ats
. A
7+ T
61 24
A
10 8 6 4 :?. 2 4 6 8 10 >>
y=x¥ 1
d) Here the function can be written as y = % Since it involves the
N cube root, it is defined for x < 0. However, it is not symmetric
s s about the y-axis. It is an odd function, and symmetric about the
14
origin.
c) This function can be rewritten as y = Yx%. Again, since x* is K
always positive, this function is defined for x < 0 and is symmetric 1
o
about the y-axis. It has a similar shape to the graph in question a
above, except that it goes to infinity more slowly.
5 4 3 2 1 l: 2 3 4 5
14
34
44
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f) This function can be written as y = \/% This involves the square

root of a number that can be either positive or negative. So it does
not exist for x < 0.

Question 6

a) To sketch this function, note that at x = 1 both terms are equal to
1. Between x = 0 and x = 1, the term x~! dominates the function
and the graph goes to plus infinity as x goes to zero. To the right
of x = 1, the term x2 dominates the function and the graph looks
like that of the function x?. Atx = —1, x> =1andx ! = —1. So at
x = —1 the graph crosses the y-axis. Between x = —1 and x = 0,
the term x~! again dominates the function and the graph to minus
infinity as x goes to zero from the left. To the left of x = —1, the
term x2 dominates the function and it again looks like the graph of

x2.
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b) At x =1 both terms are equal to 1 so y = 2. At x = —1 the first e) In the region —1 < x < 1, the term x~3 is greater than the term
term is equal to —1 while the second term is equal to 1 so y = 0. x~2. so in this region the graph of the function is similar to the
In the interval —1 < x < 1, the term x~2 dominates the function graph of —x~3. At x = 1, y = 0, so the graph crosses the x-axis,
and the graph goes to plus infinity as x goes to zero from the left and at x = —1, y = 2. In the regions x < —1 and x > 1, the term
and the right. In the two regions x < —1 and x > 1, then the term x~2 dominates the function so the graph is similar to that of x~2.
x dominates the function and the graphs looks like that of a straight Ty
line. st

v 41
5L
i
X
5 1 3 2 1 12 3 a5
14+
‘ 5
2 i 6 8 10 2
31
44
Question 7

A function f(x) is an even function if for all values of x, f(x) = f(—x)
and a function is an odd function if for all values of x, f(x) = —f(x).

a) Thisfunction is odd since x is raised to an odd power. We can also
see this from the definition of an odd function:

y(=x) = (-0)" =-(0)" = -y (x)

b)  This function is even since the terms involve x raised to even
powers:
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y(=x) = (=0)* +3(-x0)? =x* + 3x% = y(x)

c)  Thisfunction is odd. It can be rewritten as y = x3 — x which shows
that the two terms involve x raised to odd powers:

y(=x) = (=2)° = (=) = =(0)° = (=) = =(x* = x) = y(—x)

Question 8

a) |-71=7

b) |—L =L =0.005
200 200

) [9-4/=5/=5
d [4-91=[-5]=5

e) ltr—=3|=m—-3) ~m>3
f) It—4|=04—-7n) +nw<4

Note: parts (c) and (d) demonstrate that the modulus (x — a) gives the
distance between these two numbers on the real number line. That is
why |x —a| = |a — x|. This is also the reason why if you have actual
numbers, you can rewrite the expression without taking the modulus by
examining which number is greater as in the parts (e) and (f).

Question 9
a) [2-2%|=2-4]=|-2|=2

)] =B-3=kl =3
2 2 T2 4l T lal T4

) |1-12|=]1-1]=0

b)

d [-1-CD*=[|-1-1]=|-2|=2

© Imago Education (Pty) Ltd
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e) l0—0%=J0]=0

Question 10
a) Here we are given that |x| > 100, so x? > (100)2. Therefore

0 -
<Y < ooy

Since y = x72, x is raised to a negative power, the inequality sign
is reversed. Since it is an even power of x, y will be positive (i.e.
greater than zero). Simplifying the inequality gives

0 <y<0.0001
b) Here we are given that |x| < 0.01. Again the inequality sign is
reversed:
S 1
Y~ 0.012
y > 10000
We do not need to state that y > 0 because y > 10000 implies that
y > 0.
Question 11

a) Here we are given that |x| < 1000 and that y = x™3. We are
dealing with an odd power of x, so we have to be more careful in
our working.

Note that |x| < 1000 can be written as

—1000 < x < 1000
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(Think about this carefully: the distance of x from zero has to be
less than 1000 but x can be either to the right or to the left of zero.)

Now we must consider two cases: Case |, where x <0 (i.e x is
negative), and Case Il, where x > 0, i.e. x is positive.

Case |l (x > —1000 and x is negative):
-1000<xandx <0

! >1 d1<0
1000~ x %

Note that the first inequality is reversed because have inverted
both sides and we are dealing with non-zero numbers (test this out
with a few actual numbers). We cannot invert the second
inequality because that would involve dividing by zero. But we can

say that if x is negative, then % is also negative, i.e. % < 0. Now this

gives that

! < ! d ! <0
X3 10003 3

1
Yy < —Wandy<0

which can be written simply as

1

Y< 109

Case Il (x > 1000 and x is positive):

x <1000and x>0

© Imago Education (Pty) Ltd
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1> ! d1>0
x~ 1000 Y%

1 1 1
x—3>mandF>O

. > 1
..y 109

These inequalities mean that y is further away from zero than the
points —10~2 and 10~°. In other words, the first inequality states
that y is to the left of —1072 and the second inequality states that
y is to the right of 107°. (Draw this on a number line, if you are
struggling to visualize this.) Now these two inequalities can be
stated in a single statement using the modulus:

lyl >107°

b)  Now we are given that |y| > 1000. We follow the same method as
part (a):

|y] > 1000 can be stated as

y < —1000 or y > 1000

Once again, we must consider two cases, y < —1000 and
y > 1000.

Case |l (y > 1000):

1
50<—-<—— €Y
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It is essential to include the proviso that §> 0 because we are

given that y > 1000, meaning that y is positive. If we did not

. 1 1 1 .
include 0 < 5 the statement ;< 7500 would allow for negative

values of % and these would not satisfy the original condition that

y > 1000.
Now we have that y = 13 Sox = il We have from (1):
X y§
1 1
0< =< 1
y3 10003
0<x< ! (2)
*<10
Case ll (y < —1000):
y < —1000
0> ! > ! 3)
y 1000
(Note again that we must add % < 0, i.e. negative.)
From (3) we get
1
— 1 < - <0
10003 3
1
——<x<0 4

10

Now we can combine (2) and (4) to give

© Imago Education (Pty) Ltd
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L 1
10" 710
] <
BT

Question 12

If N is reported as 37 000 to the nearest thousand, it means that N lies
between 36 500 and 37 500, which can be stated as

36500 < N < 37500
This can be understood as a statement that the distance from N to

37 000 cannot be more than 500. Using the modulus function, this can
be written as

IN — 37 000| < 500

Question 13

The difference between the marks is less than or equal to 5 regardless
of which twin receives the higher mark. This is easily stated using a
modulus sign as

lm—n| <5

Question 14

This question the same as question 12 except that it is asked the other
way around.

|x — 5.231| < 0.005

means that the length x of the line is within 0.005 cm of 5.231.
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EXERCISE 3C Question 2
_ These graphs again show how varying the value of ¢ changes the shape
Question 1 of the graph.

y=x?-2x+35

y=x?-2x +I
.4 - -
y=x°-2x yp=x+x+2
y=xi+x-1
y=x+x-4
X
4 3 H
1
" x
4 3 R i 2 3 F

Notice that these functions only differ in the value of c.
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Question 3 Question 5

The given graph has ¢ = 0 so it crosses the y-axis at the origin. Graph The following graphs differ only in the value of for b.
a has ¢ = 4 so it will lie above the given graph. Graph b has ¢ = —6 so
it lies below the given graph.

-

L

Question 4

The questions above demonstrate that the effect of changing the value
of ¢ is to shift the graph along the y-axis. The value of ¢ also determines
the y-intercept of the graph.
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Question 6

F
w

The figure above shows the graph of y = 2x2 + bx + 4 for four different
values of b. This and question 5 show that the effect of changing the
value of b is to shift the axis of symmetry of the graph along the x-axis.
If a and b have the same sign, then the axis of symmetry is to the left of
the origin and if a and b have the opposite sign axis of symmetry is to
the right of the origin.
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Here the graphs all have different values for a:
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Question 8
Again, these graphs only differ in the value of a:

R R -
y =-4x? + 3x +1
p=-x?+3x+1

Question 9

The value of a determines how elongated the graph is. The greater the
value of |a| the more the graph is elongated or lengthened in the y-
direction. Furthermore if a is positive the vertex is at the minimum point
of the graph and if a is negative the vertex is at the maximum point of
the graph.
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Question 10

In this graph the vertex is at the minimum point and the axis of symmetry
is to the left of the y-axis. This requires that a is positive and that a and
b have the same sign. So only the curve in (c) could be the equation of
the curve shown in the diagram.

Question 11

Here the vertex is at the maximum point of the curve and the axis of
symmetry is to the right of the y-axis. So this requires that a is negative
and that a and b have the opposite sign. Only the curve in (a) satisfies
these requirements.
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EXERCISE 3D
Question 1
a)
X = (D
y=x*+4x—7 (2)
(1) — (2):
y=03)+43) -7
y=9+12—-7
y =14 (3)

So the curve y = x? + 4x — 7 intersects the vertical line x = 3 at
the point (3, 14).

d)
y+3=0 (D
y=2x>+5x—6 (2)
Rearrange eqn (1):
y=-3 3

(3)— (2):
—3=2x>+5x—-6
2x2+5x—3=0

x—-1D(x+3)=0

XxX== or x=-3 (4)
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The horizontal line y = —3 intersects the curve y = 2x% +5x — 6
at the points G —3) and (—3,—-3).

Question 2
a)
y=x+1 €Y
y=x%2-3x+4 )
(1) — (2):
x+1=x%-3x+4
x2—4x+3=0
(x=3)x—-1)=0
x=3o0orx=1 3)
At x = 3,
y=3+1=4
Atx =1,
y=1+1=2

So the line y = x + 1 intersects the curve y = x? — 3x + 4 at the
points (3,4) and (1, 2).

y=3x+11 (D
y=2x>+2x+5 )

(1) —(2):
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3x +11=2x2+2x+5 1 5
X:—§ OTX:E
2x2—-x-6=0
Atx=—§,
2x+3)(x—2)=0
1
3 y=—3<——)+1=1+1=2
xz—z or x =2 3
3 Atxzi,
Atx=—5, 2
3 9 13 3(5)+1 15+1 13
y:— —_ = —— [ —
y=3<—§)+11=—§+11=7 2 2 2
At ) So the line y = —3x + 1 intersects the curve y = 6 + 10x — 6x2 at
X =

H 1 5 13
y=32)+11=6+11=17 the points (_5’2) and (E"?)'

So the curve y = 2x2 + 2x + 5 intersects the line y = 3x + 11 at Question 3
the points (—%12—3) and (2,17). a)
) y=2x+2 (1)
e
y=x2-2x+6 2)
3x+y—-1=0 (D
1 2):
y =6+ 10x — 6x2 ) (=@
2x+2=x*>—-2x+6
Rearrange eqn (1):
2 —_ =
y=—3x+1 3) x 4x+4=0
(3) > (2) (x=2)x—-2)=0
—3x+1=6+ 10x — 6x2 x=2
6x2 —13x —5=0 Atx =2,
=2(2 2=6
Bx+1)(2x—-5)=0 y=2(2)+
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So there is only one point that simultaneously satisfies equations
1 and 2. So the line y =2x +2 and the curve y = x2—2x+6
meet only at the point (2, 6).

b)
y=-2x—7 @Y
y=x%+4x+2 (2)
(1) — (2):
—2x—7=x*+4x+2
x2+6x+9=0
x+3)x+3)=0
x=-3
At x = -3,
y=-2(-3)-7=6-7=-1
Again, there is only one point that satisfies both equations
simultaneously. Thus, the line and the curve meet at only one
point: (-3, 1).
Question 4
a)
y=x (1
y=x?—x 2)
(1) — (2):
x=x%—x
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x2—=2x=0
x(x—=2)=0
x=0o0rx=2

Atx =0:

At x = 2:

The two points of intersection are (0,0) and (2, 2).

b)
y=x—1 1D
y=x%—x )
(1) — (2):
x—1=x%—x
x2—=2x+1=0
x—Dx—-1)=0
x=1
Atx = 1:
y=1-1=0

So the only point of intersection is (1, 0).
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The curve y =x?—x along with the two lines, y =x and At x = —4:
y = x — 1, are plotted below: y = —3(—4) + 2
y=12+2=14
p=xl-x So the line and curve intersect at (—4, 14).
b)
y=-3x+6 (D)
y=x%+5x+18 )
(1) — (2):
I ; —3x+6=x%+5x+18
- X2 +8x+12=0
x+2)(x+6)=0
;Q)uestion 5 e -2 or x— —6
y=—3x+2 ) At x = =2:
y =x%+5x +18 (2) y=-3(-2)+6=12
(1) > (2): At x = —6:
—3x+2=x%+5x+18 y=—-3(—6)+6 =24
X2 +8x+16 =0 So the line and the curve meet at the points (—2,12) and (-6, 24).
x+4)(x+4)=0
x=—4
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The curve and the two lines are plotted below:

I =|-3x+6
p=-3x+2" <
L I N
Question 6
a)
y=x+5

y=2x*-3x—-1
(1) — (2):

x+5=2x2-3x—-1
2x2 —4x—6=0
2x—-6)(x+1)=0

x=3o0orx=-1

© Imago Education (Pty) Ltd
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y=3+5=38
At x = —1:

y=—-1+5=4

So the curve and the line intersect at the points (3,8) and (—1, 4).

b)
y=x+5 1D

y=2x2—-3x+7

(2)
(1) — (2):

x+5=2x>-3x+7
2x2—4x+2=0

2(x2=2x+1)=0

2c—-Dx—-1) =0

x=1
Atx = 1:

y=1+5=6
The curve and the line at the point (1, 6)
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The curve and the two lines are plotted below:

*

1 =2x*-3x+7

Question 7
a)
y=x*+5x+1
y=x%+3x+11
(1) — (2):
x2+5x+1=x%+3x+11
2x—10=0
x=05
Atx =5

y=(5)?+3(5)+11

(1)
(2)
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y=25+15+11
y =51

So the two curves intersect at the point (5,51).

c)
y=7x*>+4x+1 (D
y=7x%>—4x+1 @)
(1) — (2):
Tx2+4x+1=7x*—4x+1
8x =0
x=0
Atx = 0:
y=70)2+4(x)+1=1
So these two curves intersect at (0, 1).
Question 8
a)
1
y =§x2 €Y
=1 L 2
y=1-5x (2)
(1) — (2)
1
Exz =1—=x?
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x2=1 So the curves intersect at (—3,1) and (-2, 3).
x=1o0or x=-1 e)
Atx =1 y=x-2)(6x+5) €Y
1., 1 y=(x—-5)?%+1 2
y=5 (D% = >
Multiply out the factors in each expression so that it is in the form
Atx =—1 ax? + bx +c:
1 1 — Gy2
=_(=1)2 == y=6x“—12x +5x — 10
y=5ED7 =2

. ) y=6x?—7x—10 3)
So the curves intersect at (1, E) and (—1, 5).

y=x%—10x+25+1

c)
y =x%—10x + 26 (4)
y=x%+7x+13 (1)
y=1-3x—x? 2) (4) — (3):
(1) = (2) x% —10x + 26 = 6x* — 7x — 10
x2+7x+13=1-3x —x? 5x2+3x—36=0
2x24+10x4+12=0 (Gx—12x)(x+3)=0
12
2x+6)(x+2)=0 x=? or x =-3
x==-3 o0or x=-2
At x =%:
Atx = -3
_(12y? 2
y=1-3(-3)—(-3)2=1+9-9=1 y—(?) —10(?>+26
Atx = -2 144
y = 2—5 — 244+ 26
y=1-3(-2)—(-2)?=1+6—-4=3
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144 foe 194
25 25

y

At x = -3,
y=(-3)2-10(-3) + 26

y=9+30+26

y = 65
So the curves intersect at the points (%12—954) and (-3, 65).
Question 9
a)
y = 8x? (1)
y=8x"" (2)
(2) —(1):
8
— = 8x?
X
8x3 =8
x3=1
x=1 3)
(3)— (1):
y=8(1)*=8

So the curves intersect at the point (1, 8) as illustrated in the graph
below:

© Imago Education (Pty) Ltd
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c)
y=x
y =4x73
(1) — (2):
x =4x73
xx3 =4
x*=4
x =2 or x=—V2
Atx =2
y=v2
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Atx = —/2
y=-2

So the line y = x intersects the curve y = 4x~3 at the points

(VZ,vZ) and (—VZ, ~V2).

+y
y =4x3
6__
P =x
4__
g (212, 212
S T R S
(-212, 2172
e
6t
e)
y=9x73 (D
y = x5 (2)
(2)—(1):
x5 =9x73
x3x73=9

© Imago Education (Pty) Ltd
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x%2=9
_1
x=9 2
x=E3
At x = 1
3
1 _5
=(=] =23°>=243
y (3)
Atx = —=
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So the curves intersect at the points G 243) and (—% —243), as EXERCISE 3E

illustrated in the graph below: Question 1
250"]’(1/3, 243) a) First, we need to find the values of x when y = 0:
2004 y=9x3 (x—2)(x—4)=0

y = x5
150+ y=x x=20rx=4%

1004

So the graph passes through the points (2,0) and (4,0). By

s0d inspection it is easy to see that in the expanded expression the
k coefficient x? will be +1. So the graph faces upwards and is not

elongated. Furthermore, the graph intersects the y-axis at (0, 8).

-

¥ )
]
\
Lot
\
% o
J_

F

o

f
—
o]
]
.
Ln—

Aky
1po+
8
1401
200
(-1/73, .2433 4|
X
4
U:
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c) This graph passes through the points (0,0) and (2,0). It also faces Question 2
upwards and crosses the y- axis at 0: a)  This graph passes through the points (—1,0) and (5, 0) and the y-
+y intercept is (0, —15). It faces upwards and is elongated since the
coefficient of x?2 is 3:
Aky
3
0 2 g N
-1 A
e) This graph passes through the points (0,0) and (—3,0) and also -15
faces upwards:
Ahy
3
_3 0 v
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c) This graph passes through the points(—3,0) and (—5,0) and it e)
crosses the y-axis at (0, —15). Since the coefficient of x2 is —1, it
faces downwards but is not elongated:

This graph only touches the x-axis at one point (4,0) which has to
be the vertex of the parabola. Because of the coefficient of x? is
—3, the graph faces downwards and is elongated. It crosses the
) y-axis at (0, —48):

F S

y

s

4
-

-15
\ -481
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Question 3
a) We first factorise the function:

y=x—-4)(x+2)

So the graph passes through (—2,0) and (4,0) and the y-intercept
is at (0,—8). Since the coefficient of x2 is 1 the graph faces
upwards and is not elongated:

F N

y

=

d)
y=2x?—-7x+3
_2<2 7 +3)
y=e\r T2y

y=2(x—3)<x—%)

© Imago Education (Pty) Ltd
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So the graph passes through the points G,O) and (3,0) and

crosses the y-axis at (0,3). It faces upwards an is somewhat
elongated:

31

s

1/ 3

y=-x*—4x—4
y=—-(%*+4x+4)
y=—(x+2)(x+2)

Here the graph touches the x-axis at the point (—2,0) and crosses
the y-axis at (0, —4). It faces downwards and is not elongated:
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v y=x%+42x-15

w=

Question 5

a) This function has three factors so it is going to be a cubic. It
crosses the x-axis at the three points (—3,0), (2,0), and (3,0). The
constant 1 in front of the factors is implied and since it is positive
the graph goes to positive infinity as x becomes very large (i.e. the
graph lies in the first quadrant as x becomes very large). Since the
graph goes to positive infinity for very large x, it comes from
negative infinity for very small x:

Ahy
Question 4 18
a)  Since the we know the values of x at which y is zero we can work
out the factored form of the equation:
y=-2)(x-5)
Now we can multiply it out to get the equation in the form x
y = ax? + bx +c. 3 53 »
y=x?—5x—2x+10
y=x%—7x+10
c)

y=(x+5)(x—-3)

y=x%-3x+5x—15
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C) Here the first factor x is squared, so at the point x = 0, the graph e) This graph crosses the x-axis at the points (—6,0), (—4,0) and
touches the x-axis so that the x-axis is tangent to the graph at that (—=2,0). It crosses the y-axis at —48. Because the coefficient before
point. From the other factor (x —4) we know that the graph the factors is —1, the graph is opposite to those above: as x goes
crosses the x-axis at the point (4,0). Again the coefficient before to negative infinity, the graph goes to positive infinity and as x goes
the factors is +1 so the graph goes to positive infinity as x goes to to infinity, the graph goes to negative infinity.
infinity and the graph goes to negative infinity as x goes to 4y
negative infinity:

Jky
X
4
-6 -4 -2
X
>
0 4
Question 6
a) Here we can again find the factored from of the equation of a
parabola that passes through the given points.
y=@x-1kx-5)
y=x*—6x+5
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But we were given that the parabola crosses the y-axis at the point
(0,15), so we have to multiply our equation by 3 to obtain the
correct result:

y =3x%—-18x + 15

The equation of a parabola that passes through the given points
is

y=(x+6)(x+2)
y=x%+8x+12

Now we are given that the graph also passes through the point

(0,—6), so we need to multiply the equation we found by —%:

—1246
y=-5x X

The equation of a parabola that passes through (—10,0) and (7,0)
is

y=x+10)(x—-7)
y=x%4+3x-170

But the graph must also pass through the point (8,90), so we need
to multiply the equation by a factor a such that the point (8,90) lies
on the curve:

y = a(x? + 3x — 70)
90 = a(82 + 3(8) — 70)

90 = a(18)

© Imago Education (Pty) Ltd
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a=>5
So the equation of the parabola is

y = 5x% + 15x — 350

Question 7

c)

We first factorise the given equation:
y=—(x?+3x—18)
y=—(x+6)(x-3)

So the graph passes through the points (—6,0),(3,0) and (0,18)
and it faces downwards:

18

L &
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d) Again we start by factorising the given function:

y =2x?—9x + 10
9
y=2<x2—zx+5)

y=2(x—2)<x—g)

So the graph passes through the points (2,0), (20) and (0.10)

and faces upwards:

I
10

v

2 372

© Imago Education (Pty) Ltd
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Question 8

To answer the following questions, we will use the properties of
parabolas that were found in Exercise 3C.

a)

b)

d)

f)

)

If the value of c is positive then the parabola crosses the y-axis at
a positive value of y. So the following parabolas cross the y-axis
at a positive y-value: A (expand the given equation to see the
value of ¢), B, G, H.

The vertex is at the highest point of the graph if a is negative.

B, D, F (expand the given equation)

The vertex is to the left of the y-axis if a and b have the same sign:
F,G,H

A parabola passes through the origin if c is zero:

D

A parabola does not cross the x-axis at two separate points if its
two factors are the same in tis factored form:

G
A parabola has the y-axis as its axis of symmetry if b is zero:
I

The axis of symmetry of a parabola lies exactly half-way between
the points at which the parabola crosses the x-axis. If it only
touches the x-axis rather than crosses the x-axis then the axis of
symmetry is at the point at which the graph touches the x-axis:

B and E
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h)

For the vertex of a parabola to lie in the fourth quadrant, the axis
of symmetry has to lie to the right of the y-axis and the graph has
to face upwards and it has to cross the x-axis:

A C E

Question 9

a)

Here both points at which the graph crosses the x-axis lie to the
left of the y-axis. So the roots of the function are negative. The
graph also points upward so a has to be positive and ¢ has to be
positive since the y-intercept is positive. Here we can choose a to
be 1 since the graph has no given scale. In factor form a suggested
equation is

y=x+4)(x+2)
So in expanded form the equation is
y=x*+6x+38

This function is a cubic and it passes through the origin, so one of
it is factors is x. The other roots of the function are negative. The
constant in front of the factors has to be positive, since the graph
is in the first quadrant when x is very large. A suggested equation
is

y=x(x+2)(x+4)

© Imago Education (Pty) Ltd
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MISCELLANEOUS EXERCISE 3

Question 1
fx)=7x—4

a)

b)

d)

F(7) =7(7) —4 =49 — 4 =45

CRCRESEE

f(=5)=7(-5)—4=-35-4=-39

f(x) =10
7x—4 =10
7x = 14
x=2
fG)=x
7x—4=x
6x =4

x—4—2

6 3

f(x) =37
7x —4 =37
7x =41
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#@
=%

[Note: the answer for part (d) at the back of the text book is
incorrect.]

Question 2
fx) =f(4)
x2—3x+5=4%2-3(4)+5

x2—3x+5=9
x2—3x—4=0
x—4)x+1)=0
x=4or x=-1

Thus,atx =4 and atx = —1, f(x) = f(4).

Question 3

We are given that the curve passes between the point (2,200) and
(2,2000), that is when x = 2, the value of y is greater 200 and less than
2000. So we can write

200 < y(2) < 2000
200 < 2™ < 2000

The given graph is not symmetrical about the y-axis but it is symmetrical
about the origin. So n has to be odd. Now by inspection we see that
27 =128, 2° = 512, and 2! = 2048. So clearly n = 9.

© Imago Education (Pty) Ltd
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Question 4
y=x*—7x+5
y=1+2x—x?
(2) — (1)
—x24+2x+1=x*>—-7x+5
2x2—-9x+4=0
Rx—-1Dx—-4)=0
x=- orx=
At x ==
2
-(3) -7(3)+s
Y=z 2
—2-Tis
Y=372
_7
Y=%
At x = 4:

y=04)>?>-74)+5
y=16-28+5

=-7

y
. 17
So the two curves intersect at (E'Z) and (4,-7).
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Question 7 Ty
y=(x-2x-4 (1) z
y=x(2-x) ) J
Rearrange these equations: 2
. . (2,0) 3
y=x?—6x+8 (3) 4 2 N4 6
y =2x —x? (4) j
(4) — (3): 6l
2x —x?2=x?>—-6x+8 87

2x>—8x+8=0
2(x? —4x+4)=0

2c—-2)(x—2)=0

x =2
Atx = 2:
y=2(2)- 22
y=4—-4=0

So the two curves intersect at (2,0). This is illustrated in the graph below.
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Question 8

a)

d)

The graph passes through the points (—k,0), (2k,0) and
(0, —2k?). The axis of symmetry lies exactly between the first two
points, where x = —k + %k. Now%k > k, so for any value of k, the

axis of symmetry will lie to the right of the y-axis. The graph will
also faces upwards:

‘V%

-2K?

Since the factor (x — 2k) is squared the graph does not cross the
x-axis at (2k, 0) but it only touches the x-axis at that point. (The x-
axis is tangent to the graph at this point.) It crosses the x-axis at
(—k,0) and the y-axis at (0,4k3). Since k > 0 the y-intercpet is
always positive. The constant before all the factors is 1 so the
graph goes down to negative infinity for very small x and to positive
infinity for very large x.

© Imago Education (Pty) Ltd
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Question 9

We are given a function, f(x) = ax? + bx + ¢, and the value of the
function at three points: f(0) = 6, f(—1) = 15, and f(1) = 1. So we can
substitute the value of the function at these points into the expression
for the function and solve the three resulting equations to find the values
of a, b, and c:

f(0)=a(0)?+b(x)+c=c=6 (D
f(-1) =a(-1)?+b(-1)+c=15 )
f=a()?+b()+c=1 3)

Starting with egn (2):
a—b+c=15

But from eqgn (1) we have ¢ = 6 so we get
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a—b+6=15
a-b=9 (4)
Now from eqns (1) and (3) we get
a+b+6=1
a=-5-b (5)
(5) — (4):
(=5—b)—b=9
—2b = 14
b=-7 (6)
(6) — (5):

a=-5-(-7)=2
So the function is f(x) = 2x? — 7x + 6.

Question 11

a) Notice that the given function is the sum of two parabolas. But, the
sum of two parabolas is still a parabola, so the easiest way to
graph this function is to expand and simplify the given expression
and then to factorise the resulting expression:

y=@+4)x+2)+(x+4)(x—-5)
y=x’+6x+8+x%2—x—20
y =2x% +5x — 12

y=02x—-3)(x+4)

© Imago Education (Pty) Ltd

Miscellaneous exercise 3 Page 97

Now it is easy to see that the graph intersects the x-axis at the points

G 0) and (—4,0). The graph intersects the y-axis at (0, —12) and faces

upwards.

‘VH

4

Question 13

32

Again, we can find three equations which we can use to solve for a, b,

and c:

At x = —4 we have that y = 0:

Atx=9,y=0:

Website: imago-education.com
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16a—4b+c=0 (D

a(9)?+b9)+c=0

8la+9+c=0 (2)
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Atx =1,y =120: (7) — (5):
a(1)?+b(1)+c =120 b=-5(-3)=15
a+b+c=120 3) (7) — (6):
Rearrange egn (1): ¢ =—36(-3) =108
c=4b—16a (4) So the equation of the curve is y = —3x2 + 15x + 108. So the curve
crosses the x-axis at (0,108).
(4) — (2):
8la+9b +4b — 16a = 0 Question 14
We can solve for a, b, and c using the same method as in question 13:
65a+13b =0
a(=1)?+b(=1) +c =22
13(5a+b) =0
a—b+c=22 1D
5a+b=0
a()?+b(1)+c=8
b =-5a (5)
a+b+c=8 2)
(5) — (4):
3)2+b3B)+c=10
¢ =4(-5a) — 16a a(3) 3 +e
= _—20a — 16a 9a+3b+c=10 3)
= —36a (6) Rearrange egn (1):
(6) & (5) — (3): a=22+b—c (4)
a—5a—36a=120 (4) N (2):
—40a = 120 22+b—c+b+c=38
a=-3 @) 2b=-14
b=-7 (5)
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(5) — (4)
a=22-7—c
a=15-c (6)
(6) & (5) — (3):
9(15 — ¢) + 3(=7) + ¢ = 10
135-9c — 21 + ¢ = 10
—8¢c = —104
c=13 )
(7) — (6):

a=15-13=2

So the equation of the curve is y = 2x? — 7x + 13. The value of p is the
value of the curve at x = —2:

y=2(=2)>-7(-2)+13
y=8+14+13
y =35
So p = 35.
The possible values of g are those values of x such that y = 17:

17 = 2x% — 7x + 13
2x2 —7x—4=0

Qx+1D(x—4)=0
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= —— = 4-
X ) or x
So the possible values of g are —% and 4.

Question 17
Let us first we find the points of intersection of the first two curves:

y=x%+3x+14 (D
y=x%+2x+11 )
(1) — ()
x2+3x+14=x%+2x+11
x+3=0
x=-3
At x = -3:
y=(-3)2+3(-3)+14
y=9-9+14
y=14

So the first two curves intersect at only one point, (—3,14). Thus the third
curve also has to pass through this point. This enables us to find the
value of p:

14 =p(=3)* +p(=3) +p
14=9p—-3p+p

14 = 7p
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p=2

So the equation of the third curve is y = 2x? + 2x + 2.

Question 23
y=2x*-7x+ 14 (1)
y =2+ 5x — x? (2)
(1) - (2)
2x2 —7x+ 14 =2+ 5x — x?
3x2—12x+12=0
3(x2—4x+4)=0
3x—2)(x—=2)=0
x=2
Atx = 2:

y=2+5(2)—22
y=2+4+10—4
y=28
So the two curves meet at only one point, (2,8).

a) Here the first curve is shifted down by two units while the second
curve remains the same. Now vertex of the second curve is at the
maximum point of the graph. So shifting the first curve down by
two units means that the two curves will now intersect at two
points.
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b)  Here the first curve remains the same while the second curve is
shifted down by one unit. Since the vertex of the first curve is at
the minimum point of the graph, shifting the second curve down
results in the two curves no longer intersecting.

C) Now both curves are shifted up by twenty units. Since there is no
relative change, the curves will still intersect at only one point.

Question 24

a) If x>0, then we know that |x| > 0 and that i > 0 (the inequality

sign is not reversed here since we are dealing with zero and 1
divided by a positive number is still positive). Now x and |x| have
the same magnitude so we can say that

b) If x <0, we know that |x|] > 0 and that %< 0. Now a negative

number times a positive number is a negative number, so we can
say that
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